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Summary 
 
The chapter is dedicated to a large branch of application of continuous transformation 
(symmetries) groups to the problems of mathematical physics. The focus is in particular 
on the applications and development of modern theoretical group methods. In this con-
nection, the main moments of continuous group theory are given containing: definition 
of local Lie groups, Lie equations, invariant varieties, invariant and differential equa-
tions included; continuation of point transformations, invariant and partly invariant so-
lutions. Then the elements of the theory of tangential transformations of finite and infi-
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nite orders are given. On their basis the mutually unambiguous correspondence between 
non-trivial variational symmetries and non-trivial conservation laws (Neother theorem 
in modern interpretation) is established. The extremely important question of construc-
tion of the basis of conservation laws is discussed on the basis of common theory of 
Lie-Bäcklund groups and on concrete examples. The following methods of soliton 
mathematics are also treated: Method of Inverse Scattering Problem, Hirota transforma-
tion, Bäcklund, Penleve Property, Lax Pairs. As examples the following non-linear dif-
ferential equations are analyzed: Korteweg de Vries (KdV) equation and its modifica-
tions, sine-Gordon equation, Schrödinger equation. All these are typical equations ad-
mitting soliton solutions. 
 
1. Continuous Transformation Groups 
 
The group analysis of differential equations has become nowadays a powerful instru-
ment of research in non-linear problems. Its application to the fundamental equations of 
mechanics and physics is especially successful, as the principals of invariance are laid 
already during the deduction of these equations. A Norwegian mathematician Sophus 
started the systematic research of continuous Lie (1842 – 1899) transformation group in 
the second half the 19-th century. These groups called Lie groups represent the unifica-
tion of algebraic group and topological structures connected by the demand of continua-
tion of group multiplication operation. Thus the theory of transformation groups is on 
the junction of algebra and analysis. At the same time the value of this theory exceeds 
the limits of its application in mathematics itself. In fact the continuous transformation 
groups are the real objects of the world around us (environment), whose presence may 
be judged according to their influence on our ideas of its physical structure. Those are 
for example the ideas of homogeneity and isotropy of space and time, of dynamic simi-
larity of phenomena of Galilee and Lorentz invariance, etc.  
 
One of the principal problems of group analysis of differential equations is the studying 
of the activity of the group admissible by the given equation (or group of equations) on 
the set of solutions of this equation. The activity of the admissible group contributes to 
the set of solutions an algebraic structure that can be used with different aims. Among 
these aims the description of the common structure of the family of all the solutions, the 
apportionment of the definite class of solutions, the finding of which is easier to some 
extend than the common solution, the production of solutions from already made, etc. 
 
For differential equations appearing in some mathematical model of the class of physi-
cal phenomena the admissible group with the model isn’t usually given. That is why the 
pure technical problem of finding the largest group admissible by the given system of 
the equations is extremely important. 
 
Another interesting and practically important problem consists in the use of the tech-
niques of group analysis for the group classification of differential equations. The solu-
tion of this problem isn’t only of pure mathematical interest, but also has an applied 
value. The question is that the differential equations of mathematical physics often con-
tain parameters or functions that are found by experiment and therefore aren’t strictly 
fixed – they are the arbitrary element of equation. At the same time the equations of 
mathematical model should be simple enough to be analyzed and solved successfully. 
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The group approach allows accepting as the criterion of simplicity the demand for the 
arbitrary element to be of the sort that with it the differential equation modeling would 
admit a group with the definite properties or even the largest group.  
 
The problem of transformation of the given differential equation is also interesting and 
useful. If the admissible group is known it is possible with its help to search the trans-
formation that would allow the transformed equation to have as far as it is possible the 
most simple and comfortable differential structure for finding the concrete solutions.  
 
The enumerated and other more special problems form a large field of application of the 
theory of algorithms of continuous transformation groups. With the help of the theorems 
established by Sophus Lie it is possible to reduce the complicated non-linear problems 
to the linear ones that are simpler. This idea of “linearization” typical for analysis, but 
unusual for algebra, has got its realization in the creation of infinitesimal techniques of 
research. With this the local action of transformation group is changed on the action of 
linear differential operators – infinitesimal operators that form the Lie algebra. It is im-
portant that the passage from groups to Lie algebras fully reserves the algebraic struc-
ture of the studied equations. Therefore with its help it is possible to get the powerful 
infinitesimal criteria of invariance of various equations related to the continuous trans-
formation group. 
 
1.1. Local Transformation Groups 
 
Let rRK ⊂  be an open sphere with the center at zero 
 

nn RKRf →×:   
are the smooth mappings, and aT  – the transformations nR  in itself defined by these 
mappings  
 

( ) ,,,, KaRxaxfxT n
a ∈∈=  (1) 

 
( )raaa ,...,1=  are the parameters. It is supposed that aTKa ,∈∀ are mutually unambi-

guous and ET =0  is an identical transformation and ETa ≠  when .0≠a  
 
The set of all the transformations (1) provided with the natural topology is called con-
tinuous r -parametric local group of transformations (further just transformation group) 
to nR , if rG is r –dimensional local Lie group relative to the operation 
 
( ) ( ) ( )( ) .,, baxffxTTxTT abab ≡=⋅  
 
The unity in rG  is 0T . The product ab TT ⋅ , and the inverse of aT  transformation 1−

aT , 
are defined ba,∀  from the opened sphere KK ⊂'  and with that the reflection 

KKK →× '':ϕ  defined by group operation in rG  with the formula ( )baab TTT ,ϕ=⋅  is 
analytic. The value of the parameter corresponding to the inverse to aT  is denoted as a–
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1, so that 1
1

−=−
aa TT . 

 
The set n

a RxxT ∈∀  is an orbit or the rG  orbit of point x . The orbit nRA⊂  is the va-
riety ( ) ( )U

Ax
rr xGAG

∈
= .  

 
1.2. Lie Equations 
 
If K  is an opened interval on the straight line 1R  then the orbit represents a curved line 

),( axfa →  in ,nR  passing through x. The tangential vector at point x has the form  

( ) ( ) .,

0=∂
∂

=
aa

axfxξ  (2) 

 
The vector field (2) of monoparametric group 1G  is written as the linear differential 
operator of the first order 
 

( ) ( ) ,
1

i

n

i

i
x

i

x
xxX i

∂
∂

≡∂= ∑
=

ξξ  (3) 

 
called infinitesimal operator (or just operator) of group 1G . 
 
The orbit of group ( )xG1  is an integral curved line of Lie equation 
 

( ) .,
0

xff
da
df

a
==

=
ξ  (4) 

 
Inversely for any smooth field nn RR →:ξ  and nRx∈∀  there is the only mo-
noparametric group 1G  of transformations ( )axfxTa ,= . 
 
For r –parametric group rG  the tangential of the field for every r  form an r –
dimensional vector space .rL  It is a Lie algebra relative to multiplication 
[ ] ηξξηηξ '', −=  
 
where ',' ηξ  are the derivatives of the mappings ηξ , . For the operators YX ,  of the 
kind (3) the law of multiplication in rL  algebra is the following  
 

[ ] ( ) ( )( ) ., i
ii

x
YXYX

∂
∂

−= ξη  

 
As the basis for rL  the following vector fields are chosen  
 

( ) .,...,1,,

0

r
a

axf

a

=
∂

∂
=

=

νξ νν
 (5) 

 



UNESCO – 
EOLS

S

SAMPLE
 C

HAPTERS

COMPUTATIONAL METHODS AND ALGORITHMS – Vol. I - Methods of Transformation Groups - V.K. Andreev 
 

©Encyclopedia of Life Support Systems (EOLSS) 

The Lie equation looks like an integrable system 
 

( ) ( ) ,;,...,1,
0

xfrfaV
a
f

a
===

∂
∂

=
νξμ

μ
νν

 (6) 

 
where the coefficients ( )aV μ

ν  of system (6) are defined according to the law of multipli-
cation ( )ba,ϕ  in the group rG  as 
 

( ) ( ) .,
1−=∂

∂
=

aba
baaV ν

μ
μ
ν

ϕ  

1.4. Invariants 
 
The function ( )xF  is an invariant of rG  group of transformations (1) to nR  if F  is 
constant on rG  orbit of every point nRx∈ : ( )( ) ( )xFaxfF =, . 
 
The function nn RRF →:  is an invariant of monoparametric group G1 if and only if 
(iff) 
 

( ) ( ) .0=
∂
∂

≡ i
i

x
xFxXF ξ  (7) 

 
Any set 1−n  of functionally independent solutions ( ) ( )xJxJ n 11 ,..., −  of equation (7) 
form the basis of invariants: any invariant F  is presented as ( ) ( ) ( )( )xJxJxF n 11 ,..., −Φ= . 
 
For rG  the invariance criterion is the following: 
 

( ) ( ) ,,...,1,0 r
x

xFx i
i ==

∂
∂ νξν  (8) 

 
where νξ  are the basic vector fields (5) of the Lie algebra rL  corresponding to rG  
group. The number of solutions is defined by the value 
 
( )ξ*r = rank ( )[ ] ,xi

νξ  (9) 
 
and the system (8) just possesses ∗− rn , the invariants of rG  groups; when nr =∗  the 
group rG  has no invariants – it is transitive.  
 
In more common situation when instead of nR  transformations the transformation 
groups are observed in arbitrary Banach space the role of the basis of invariants is 
played by the universal invariant of groups. Let 21 ,, BBB  be Banach spaces, G  – a 
group of transformations to B  and a reflection 1: BBJ →  is an invariant of group G , 
so GTJTJ ∈∀=0 . The invariant J  is called universal invariant of group ,G  if for an 
arbitrary space 2B  every invariant is 2: BBF →  of group G  may be introduced as 
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JF Φ=  with the smooth reflection 1: BΦ 2B→ . The any r -parametric transforma-
tion group in the Banach space B  has a universal invariant.  
 
1.4. Invariant Manifolds 
 
Let m –dimensional local variety nRM ⊂  is parameterized with the help of differential 
mapping nRVh →: , where V  is an opened set of mR , and the rank 
( ) .' Vymyh ∈∀=  Tangential space to M  in point Mx∈  can be introduced as  

( ) },,'|{ m
y

n
xx RdydyyhdxRdxM ∈=∈=  where n

xR  is a tangential space to nR in point 
x . 
The variety M  is an invariant relative to group G  if M  contains the G -orbit of every 
point ,Mx∈  i.e. .)( MMG =  The invariance criterion: nRM ⊂  is invariant relative to 
group rG , when and only when for all the vector fields ξ  from Lie algebra rL  of group 

rG  the condition  
 
( )xξ xM∈   

 
is observed at every point .Mx∈  
 
For nRM ⊂  set by the equation 
 
( ) 0=xF  (10) 

 
where ,: mnn RRF −→  rank ( ) ,' MxmnxF ∈∀−=  the invariance criterion (8) looks 
like 
 

( ) ( ) .,...,1,0 r
x

xFx
M

i
i ==

∂
∂ νξν  

 
The variety M  is not special relative to group rG , if ( ) ( )ξξ ** rr

M
= . When ( ) nr <ξ*  

the invariant relative to rG  is written as 
 

( ) ,,...,1,0,...,
*1 mnkJJ rn

k −==Φ −  (11) 
 
where 

∗−rnJJ ,...,1  is the basis of invariants of group rG  and the number  
 

*rm −=ρ  (12) 
 
is called the rank M. 
 
For an arbitrary nRM ⊂  the orbit ( )MGr  is the minimum invariant rG  that means the 
variety containing M  as subvariety of codimension 
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=δ  dim ( )−MGr  dim M . 
 
The number δ  is the defect M  relative to group rG . The invariant varieties are charac-
terized by the condition 0=δ . The defect of variety ,M  set by the equation (10) is 

equal to  =δ  rank ( ) .)(

M
i

k
i

x
xFx ⎥
⎦

⎤
⎢
⎣

⎡
∂

∂
νξ  

 
The rank of the m-dimensional variety with the defect δ  is 
 

,* δρ +−= rm  (13) 
 
and 
 
max ( ) ≤≤− δ0;* mr  min ( ).1;1* −−− mnr  (14) 
 
2. Invariant Differential Equations 
 
2.1. The Continuation of Point Transformations 
 
Let 1G  be monoparametric group of transformations 
 

( ) ,,,,'
0

xfauxfx
a

==
=

 
 

( ) ,|,,,' 0 uauxu a == =ϕϕ   (15) 
 

( ) ( ) ,,...,,,..., 11 mn uuuxxx ==  and { } ,,...,1;,...,1
1

nimuu i === αα  and the fol-

lowing transformations are given 
 

( ) ,,,,,'
01

αααα ϕψ iaiii uauuxu ==
=

 (16) 

 
and the following conditions of  agreement be observed 
 

( ) .ii x
xuu

∂
∂

=
α

α  (17) 

 
The monoparametric transformation group 1G  (15), (16) appears in the space nmmnR ++  of 
the variables ( )

1
.. uux ; (15) are the point transformations, (16) – the continuation of point 

transformations and 
1

1G  the first continuation of group 1G . If  

 

( ) ( ) α
αηξ

u
ux

x
uxX i

i

∂
∂

+
∂
∂

= ,,  (18) 
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is an operator of group 1G , where 00 |,| == ∂∂=∂∂= aa auf ϕηξ α , then the operator of 
continued group 

1
1G  is equal to  

,
1 α

ας
i

i u
XX

∂
∂

+=  (19) 

 
( ) ( ) ,j

ijii DuD ξης ααα −=  
 
and =iD αα uux i

i ∂∂+∂∂  is an operator fully differentiating with respect to the vari-
able ix . 
 
The continuation to the higher orders is made by definition of the action of group 1G  on 
the variables ,...,

21
uu  

 
{ }.,...,1,...,;,...,1 1...1

niimuu siis s
=== αα  

 
So the often used second continuation of operator (18) 
 

α
ας

ij
ij u

XX
∂
∂

+=
12

 

of group G  is obtained by the continuation of the operator (19) 
 

( ) ( ) ., α
α

α
αααα ξης

j
ijili

k
jikijij u

u
u

u
x

DDuD
∂
∂

+
∂
∂

+
∂
∂

=−=  

 
The continuation of the arbitrary r-parametric transformation group and Lie algebra is 
got in an analogous way, taking into account the equality: if [ ]YXZ ,= , then 

[ ]
sss
YXZ ,= . 

 
- 
- 
- 
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