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Summary 
 
The principal statements of problems for computation of definite and multiple integrals 
by means of quadrature and cubature formulae are presented and the most interesting 
and often used results of the theory of quadrature formulae are considered. A review of 
basic trends of the theory of cubature formulae is given. 
 
1. Statements of Problems  
 
The notion of a definite integral is basic in mathematics, and the computation of the 
integral is often a hard problem. The Newton-Leibnitz formula for the computation of 
the definite integral of a function ( )xf  over the interval [ ]ba,  includes the 
antiderivative ( )xF : 
 

[ ] ( ) ( ) ( )aFbFdxxffI
b

a

−== ∫ . 

 
This formula theoretically is a complete description of the problem. However, Newton 
had already understood that the computation of ( )xF  is possible in rare cases, therefore 
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he put into use the formulae for the approximate computation of [ ]fI , which have the 
form 
 

[ ] ( ) [ ].~
1

fQxfcfI N

N

j
jj =−∑

=

 (1) 

 
Such formulae are called quadrature formulae, the sum [ ]fQN  is called a quadrature 
sum, the numbers jx  are the nodes, and the numbers jc  are the coefficients of a 
quadrature formula. Note that in papers of western authors the sum [ ]fQN  is usually 
named a quadrature formula. Note also that the definition of the Riemann integral is 
introduced, in essence, through quadrature sums. 
 
An integrand is often represented in the form ( ) ( )xxw ϕ , where ( )xw  is a certain fixed 
function. Such a situation occurs, for example, when computing the Fourier coefficients 
or when separating out a peculiarity of some kind in the integrand. Therefore, for 
greater generality we consider quadrature formulae of the form 
 

[ ] ( ) ( ) [ ] [ ]fbaQfQdxxfxwfI NN

b

a
w ,,~ =−= ∫  (2) 

 
where a fixed function ( )xw  is called a weight function. Note that the interval of 
integration can be infinite. The nodes of a quadrature formula are considered to be 
mutually different. To the formula (2) we associate the linear functional of error 
( ) [ ] [ ]fQfIfl Nw −= where integrated functions are elements of a certain space B , 

which for simplicity can be considered as a certain set of continuous functions. A 
quadrature formula is said to be exact for a function ( )xf  if ( ) 0=fl . 
 
There are several main directions in the construction and study of quadrature formulae. 

 
(b).�.�.�.�.�.�.��䯿¢ Algebraically Accurate Formulae 
 
Let [ ] mibIB iiwm ≤≤=∈ 1,,...,,, 10 ϕϕϕϕ . Accuracy conditions for a quadrature 
formula for functions ( )xiϕ  can be written in the form of a system of equations 
 

( )∑
=

≤≤=
N

j
ijij mibxc

1
.1,ϕ  (3) 

 
The solvability of the system (3) with respect to jx  and jc  determines the possibility of 
the construction of formulae of required accuracy under given conditions for nodes and 
coefficients. Let us give basic statements of problems for algebraically accurate 
formulae in the case when ( )xiϕ  are polynomials of one variable. Denote the set of all 
polynomials of degree not greater than m  by mP . 
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A1. For a given system of nodes Nxxx ,...,, 21  it is required to find coefficients 

Nccc ,...,, 21  so that the formula (2) is exact for all polynomials of mP  for m  being as 
large as possible.  
  
Such a requirement on accuracy looks natural for functions which can be approximated 
adequately by polynomials. For instance, let a function be represented by the Taylor 
expansion 
 

( ) ( ) ( ) ( ) ( )xR
k
axafxf r

kr

k

k +
−

=∑
−

= !

1

0
 

 
where ( )xRr  is Taylor’s remainder, and the formula (2) is of an algebraic accuracy 

1−r . Then the error of a quadrature formula depends on the value of a remainder, 
because 
 
( ) ( )( )xRlfl r=  

 
and for functions whose Taylor series converges fast such formulae give good results. 
 
A2. For given N  it is required to find coefficients jc  and nodes Njx j ≤≤1, , so that 
the formula (2) is exact for all polynomials of mP  for m  being as large as possible. 
A3. For given nodes 

1
,...,, 21 Nxxx , where NN ≤≤ 11 , it is required to find coefficients 

Nccc ,...,, 21  and nodes NN xx ,...,11+
 so that the formula (2) is exact for all polynomials 

of mP  for m  being as large as possible. 
A4. For given N  and with the condition Nccc === ...21  it is required to find nodes 

Nxxx ,...,, 21  so that the formula (2) is exact for all polynomials of mP  for m  being as 
large as possible. 
  
Example 1. Let us construct quadrature formulae with the weight function ( ) 1≡xw  and 
the number 3,2,1=N  of nodes in the statement (A1) on the interval [0, 1]. Assume that 

( ) 0, ≥= ixx i
iϕ . At first, let 1=N  and 2/11 =x . It is easy to check that in this case 

the system (3) is solvable only for 2≤i , and here 11 =c . The obtained quadrature 
formula 
 

( ) ( )∫ −
1

0

2/1~ fdxxf  

 
is exact for polynomials of degree not greater than one; it is called the rectangular 
formula (rectangle rule). If 1,0,2 21 === xxN  then it is easy to verify that the 
system (3) is solvable only for 2,1=i  as well, and here 2/121 == cc . The obtained 
formula 
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( ) ( ) ( )[ ]10
2
1~

1

0

ffdxxf +−∫  

 
is called the trapezoidal formula (trapezoidal rule). If ,1,2/1,0,3 321 ==== xxxN  
from the system (3) for 2,1,0=i  one can obtain the prismoidal formula (Simpson rule) 
 

( ) ( ) ( ) ( )[ ] .12/10
6
1~

1

0

fffdxxf ++−∫  

 
It is exact not only for polynomials of the second degree, but also for those of the third 
degree. 

 
It is evident that improving an accuracy of the quadrature formula (2) leads to an 
increase of the number of unknowns of the system (3), and the use of the latter for the 
construction of the formula becomes unpractical. Therefore to obtain formulae for exact 
integration of polynomials of high degree other methods are used, some of them are 
described below. 

 
(b).�.�.�.�.�.�.䯿�䯿� Statements of Problems of Numerical Integration in 

Terms of Functional Analysis 
 
It seems natural to characterize the quality of a quadrature formula by the value ( )fl . 
Indeed, for a concrete given function the choice of a quadrature formula for which 
( )fl  takes a minimal value is natural. Though, if we seek a quadrature formula which 

provides satisfactory quality of the computation of an integral for some set of functions, 
then for characterization of quality of integration it is natural to take a quantity which 
depends on this set only. Such a quantity in Banach function spaces is the norm of the 
functional (2). 

 
Assume that the functional (2) is linear and bounded on a Banach space B , i.e., it is an 
element of the conjugate space *B . In this case the following problems are most often 
studied. 
 
B1. To find *B

l  for a given quadrature formula. 

B2. To find a quadrature formula, which has the minimal norm *B
l  for a given 

number of nodes. 
 
Up to now, the solution of the problem (B2) is a question for many known functional 
spaces. Quadrature formulae satisfying the statement (B2) are called the best ones. 
Considerable progress has been made for some weakened statements of problems on the 
construction of the best formulae with a fixed set of nodes. Such formulae are called 
optimal. 
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B3. To find an optimal quadrature formula among all the formulae with a given fixed 
set of nodes. 
 
B4. To find a sequence of quadrature formulae with functionals Nρ  of error where the 
index N  denotes the number of nodes of a quadrature formula, such that for any other 
sequence of formulae with the same set of nodes and functionals Nl  the following 
inequality holds: 
 

( ) .1inflim ** ≥
∞→

BNBN
N

l ρ  

 
The sequences satisfying the statement (B4) are called asymptotically optimal. 
 
The sequences of quadrature formulae for which Nl  tends to zero as ∞→N  play an 
important role in the theory of computations. 

 
Theorem 1: (Steklov). The inequality 
 

[ ] [ ]fIfQNN
=

∞→
lim  (4) 

 
holds if and only if the following conditions are satisfied: 
(a) the equality (4) holds for any polynomial ;f  
(b) there is a number k  such that 

∑
=

=≤
N

j
j Nkc

1

...,2,1, . 

Let us note that these conditions are satisfied, if quadrature formulae [ ] [ ]fQfI N−~  are 
exact for ( ) 1≡xf  and the coefficients of quadrature formulae are positive. 

 
1.3 Multi-dimensional Case 
 
Now, let us make some remarks concerning a multi-dimensional case. An expression of 
the form 
 

[ ] ( ) ( ) −= ∫
Ω

Ω
~...,...,,..., 111 nnn dxdxxxfxxfI ωω

( ) ( ) ( )fQxfcxxfc N

N

j

j
j

N

j

j
n

j
j ==∑∑

== 11
1 ,...,  (5) 

where nR⊂Ω is said to be a cubature formula. All the definitions and statements of 
problems for cubature formulae are analogous to those for quadrature formulae. It 
should be noticed that increasing the dimension of a space essentially complicates 
analysis; in particular, the system (3) often becomes practically unsolvable for a formula 
of accuracy of order 4≥ even in the two-dimensional case. Besides, a new parameter, 
namely, the form of the integration domain Ω , plays an important role here. 
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Here we will not consider the third fundamental direction in the theory of approximate 
integration, based on probabilistic statistical methods, for instance, on the Monte Carlo 
method, restricting ourselves to certain aspects of the theory of approximate integration 
by means of quadrature and cubature formulae. 

 
2. Quadrature Formulae 
 
Historically, the theory of approximate integration has its origin in the study of 
algebraically accurate formulae, though the founders of integral calculus did not use 
such a terminology. We say that a positive integer d  is the algebraic degree of 
accuracy of a quadrature formula (2), if this formula is exact for all functions of dP  
and is not exact for at least one polynomial of 1+dP . The following theorem gives the 
estimate of accuracy of a quadrature formula with N  nodes. 
 
Theorem 2: If ( ) [ ]baxx ,,0 ∈≥ω , and there exist moments 

( )∫ >=
b

a

k
k dxxx ,0, 0μωμ  

then the algebraic degree d  of accuracy of a quadrature formula (2) with N  nodes 
satisfies the inequality .12 −≤ Nd  
 
2.1. Interpolatory Quadrature Formulae  
 
In the theory of quadrature formulae, the so-called interpolatory quadrature formulae 
play an important role. Let Nxx ,...,1  be mutually different points and a function ( )xf  
be determined in some domain of a complex variable which contains these points. 
Denote the polynomial ( ) ( )Nxxxx −⋅⋅− ...1  by ( )xNω  and put 
( ) ( ) ( ) ( ) .' xxxxxl NkNk ωω −=  

Then the polynomial 

( ) ( ) ( )j

N

j
j xfxlxP ∑

=

=
1

 

is called an polynomial interpolation of degree not higher than 1−N . The polynomial 
( )xP  has the following remarkable properties. First, the equality 
( ) ( ) ,1, NjxfxP jj ≤≤=  

is valid, and second, if ( )xf  is a polynomial of degree not higher than 1−N , then 
( ) ( )xfxP = . 

 
The quadrature formula (2) is called interpolatory quadrature formula, if its coefficients 
are determined by equalities 

( ) ( )∫=
b

a
jj dxxlxc .ω  

The following is an important theorem. 
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Theorem 3: The quadrature formula (2) is interpolatory quadrature formula, if and only 
if it is exact for an arbitrary polynomial of degree not higher than 1−N . 
 
- 
- 
- 
 

 
TO ACCESS ALL THE 21 PAGES OF THIS CHAPTER,  
Visit: http://www.eolss.net/Eolss-sampleAllChapter.aspx 

 
 
Bibliography 
 
Engels H. (1980). Numerical quadrature and cubature. London: Academic Press. [Basic methods for 
construction for cubature and quadrature formulae are given.] 

Davis P.J., Rabinowitz P. (1975). Methods of numerical integration. New York: Academic Press. [Central 
attention is paid to the theory of quadrature formulae.] 

Korobov N.M. (1963). Number-theoretic methods in approximate analysis. Moscow: Fizmatgiz. (In 
Russian) [Cubature formulae with nodes on a number-theoretic lattice are studied.] 

Krylov V.I. (1967). Approximate integration. Moscow: Nauka. (In Russian) [The book contains detailed 
presentation of the theory of quadrature formulae and its application to the Fourier and Laplace 
transforms, as well as the methods of approximate integration and several techniques of construction of 
cubature formulae.] 

Krylov V.I., Shulgina L.T. (1966). Reference book on numerical integration. Moscow: Nauka. (In 
Russian) [A large part of the book is devoted to tables of quadrature and cubature formulae and the tables 
of formulae for numerical inversion of the Laplace transforms.] 

Mysovskikh I.P. (1981). Interpolation cubature formulae. Moscow: Nauka. (In Russian) [Theory of 
cubature formulae in algebraic statements of problems of approximate integration is posed.] 

Nikolsky S.M. (1974). Quadrature formulae. Moscow: Nauka. (In Russian) [Principal attention is paid to 
functional statements of problems of approximate integration of functions of one variable.] 

Sobolev S.L., Vaskevich V.L. (1966). Cubature formulae. Novosibirsk: Inst. of Math. SB RAS. (In 
Russian) [Theory of invariant cubature formulae, theory of asymptotically optimal sequences of cubature 
formulae, and methods for the construction of optimal quadrature formulae are stated.] 

Sobol I.M. (1969). Multidimensional cubature formulae and Haar functions. Moscow: Nauka. (In 
Russian) [The theory of integration of functions represented by Fourier series according to Haar systems 
is stated.] 

Strioud A.H. (1971). Approximate calculation of multiple integrals. Englewood Cliffs. New Jersey: 
Prentice-Hall. [Methods of approximate integration of multiple integrals are considered and a list of 
cubature formulae is given.] 
 
Biographical Sketch 
 
Mikhail V. Noskov was born in Perm, Russia. He completed his Diploma in Mathematics at the 
Krasnoyarsk State Pedagogical Institute in 1969. In 1984 he took the Russian degree of Candidate in 
Physics and Mathematics at the Novosibirsk State University. In 1992 he was awarded the Russian degree 
of Doctor in Physics and Mathematics from S.- Peterburg State University for his thesis “Some problems 
of approximate integration of periodic functions”. In 1994 he took Professor Diploma at the Chair 
“Applied Mathematics”. Since 1972 he is working at the Krasnoyarsk State Technical University. M. V. 

https://www.eolss.net/ebooklib/sc_cart.aspx?File=E6-04-02-04


UNESCO – 
EOLS

S

SAMPLE
 C

HAPTERS

COMPUTATIONAL METHODS AND ALGORITHMS – Vol. I - Numerical Integration - M.V. Noskov 
 

©Encyclopedia of Life Support Systems (EOLSS) 

Noskov is known specialist in the field of computational mathematics. He authored over 60 scientific 
papers devoted to numerical integration. 
 


