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Summary  
 
General equilibrium is a central concept of economic theory. Unlike partial equilibrium 
analysis which studies the equilibrium of a particular market under the clause “ceteris 
paribus” that revenues and prices on the other markets stay approximately unaffected, 
the ambition of a general equilibrium model is to analyze the simultaneous equilibrium 
in all markets of a competitive economy. Definition of the abstract model, some of its 
basic results and insights are presented. The important issues of uniqueness and local 
uniqueness of equilibrium are sketched; they are the condition for a predictive power of 
the theory and its ability to allow for statics comparisons. Finally, we review the main 
extensions of the general equilibrium model. Besides the natural extensions to infinitely 
many commodities and to a continuum of agents, some examples show how economic 
theory can accommodate the main ideas in order to study some contexts which were not 
thought of by the initial model. 
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1. Introduction 
 
Since the second half of the twentieth century, the Walrasian model of general 
equilibrium is formulated in the concept of equilibrium of a so-called private ownership 
economy. In such an economy, finitely many price-taking consumers (who are endowed 
with initial holdings of the different commodities and who collect given shares of the 
profits from production) consume the commodities available on the market, optimizing 
their preferences among all possible consumption plans that satisfy their budget 
constraint. Finitely many producers, who also take prices as given, maximize their profit 
on their individual set of possible production plans; they produce the commodities 
which satisfy consumers’ demand in competition with the initial resources not used by 
production. Market clearing determines equilibrium prices and the quantities actually 
consumed and produced at a state of equilibrium. Market clearing may result in the 
strict equality of supply and demand; we will then speak of (strict) equilibrium. But, 
conceivably, the conditions for equilibrium may require that excess demand be non-
positive and that, for any commodity for which it is negative, the price be zero; we will 
then speak of free-disposal equilibrium.  
 
Existence of equilibrium prices is the necessary test of consistency for a model which 
bases the coordination of plans of diverse economic agents on the fact that prices faced 
by all agents provide the common flow of information needed to coordinate the system. 
And, indeed, equilibrium exists under reasonable assumptions. Just as important is the 
relation between the existence of solutions and the problems of normative economics. 
The Pareto optimality study considers the problem of efficient organization of an 
economy with an unspecified distribution of resources, and shows that for any Pareto 
optimal feasible allocation, there exists a price system to which consumers and 
producers are adapted. The Debreu-Scarf theorem shows that the same is true at the 
limit for an allocation that no coalition can block, in an economy with a specified 
distribution of resources when the number of consumers tends to infinity. These results 
have been first obtained in the 1950s and 1960s simultaneously by the three founders of 
the general equilibrium theory: K.J. Arrow, G. Debreu and, in a slightly different 
setting, L.W. McKenzie. Extended since then, these achievements strongly rely on 
convexity assumptions on the characteristics of the agents and on the use of convex 
analysis and fixed point theory. They confirm the new dependence of Mathematical 
Economics on an increasing list of mathematical tools such as functional analysis, 
measure theory, differential topology, non-smooth analysis, ordered sets theory etc.  
 
After 1970, the general equilibrium theory developed in several directions. First, in what 
we will call the classical model (finite number of commodities, finite number of agents), 
the conditions for equilibrium existence and optimality results have been strongly 
weakened. Besides, the model itself has been generalized in order to allow for an 
infinity of time periods and states of the world in the specification of commodities, and 
for an infinity of agents. The abstract model has also been modified in order to 
accommodate the analysis of a great variety of economic settings where properties of 
equilibrium may fail to hold. The different contexts share a same methodology with the 
classical model of general equilibrium: the assumption that individuals, who have 
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perfect (imperfect in case of differential information) foresight for each future state of 
the world, make their transactions in one initial market for the whole future and all 
states of the world. This common methodology explains the central role of general 
equilibrium in economic theory and maybe some of their common drawbacks. 
 
In what follows, Sections 2, 3, and 4 present the current state-of-the-art for the classical 
model. Section 5 sketches the issues of uniqueness of the equilibrium solution. Section 
6 discusses some extensions. 
2. The Classical Model 
 
Commodities 
 
In the classical model, only a finite number of commodities are exchanged, produced or 
consumed. The commodity space is thus R , the real vector space of dimension . The 

vector ( )k k 1z z R
=

= ∈  denotes a commodity bundle with sign conventions explained 

below.  
 
Private ownership economies and their agents 
 
On this commodity space, a private ownership economy is completely specified by: 
 

( ) ( ) ( )i i i j
ij i I, j Ji I j J

E X ,P , , Y ,ω θ
∈ ∈∈ ∈

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

 
Where 
 
• I  is a finite set of consumers. Typically, a consumer is an individual but may be a 

household or a larger group with a common purpose. A consumer may even be a 
country in a model of international trade. For each consumer i I∈ , a consumption set 

iX R⊂  is the set of all consumption plans physically (or socially) possible for him. 

The consumption plan i ix X∈  is a list ( )i
k k 1

x
=

 of the quantities of the various 

commodities that the consumer i  consumes (positive numbers) or delivers (negative 
numbers). The preference correspondence i h i

h I
P : X X

∈
→∏  describes the tastes of 

consumer i . Under the condition that ( )i ix P x∉ , the set ( )iP x  is interpreted as the 

set of consumption vectors ix′  strictly preferred to ix  when the consumption vectors 
of all consumers h i≠  are hx . Such a dependence may be justified by imitation or 
other psychological effects. It encompasses the case when consumer’s preferences 
depend only on his own consumption vector and, a fortiori, the case when consumer 
i  has a complete preference preorder i≥  on his consumption set and 

( ) { }i i i i i i iP x x X x x′ ′= ∈ . The vector iω  is the i -th consumer’s initial 
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endowment in each one of the commodities. 
• J  is a finite set of producers. For each producer j J∈ , the production set jY  is the 

set of all production plans technically possible for the j -th producer. A production 

plan j jy Y∈  is a list ( )j
k k 1

y
=

 of the quantities of the various commodities that the 

producer j  consumes as inputs (negative numbers) or produces as outputs (positive 
numbers). 

• For all i I∈  and j J∈ , the profit-share ijθ  is the contractual claim of consumer i  on 

the profit of producer j . By definition, the ijθ  are nonnegative and for every j , 

ij
i I

1θ
∈

=∑ . 

 
A particular case of private ownership economy is the exchange economy, where there 
is no production, specified by: 
 

( )i i i
i I

E X ,P ,ω
∈

=  

 
Feasibility and market clearing 
 
An allocation  
 
( ) i j

i I j J
x, y X Y

∈ ∈
∈ ×∏ ∏  

 
is feasible (or attainable) if  
 

i i j

i I i I j J
x y 0ω

∈ ∈ ∈
− − =∑ ∑ ∑  

 
 feasible (or attainable) with free-disposal if 

i i j

i I i I j J
x y 0ω

∈ ∈ ∈
− − ≤∑ ∑ ∑  

 
Equilibrium 
 
Let S {p R : p 1}= ∈ =  be the sphere with center 0  and radius 1. If each p S∈  
represents a possible list of the (normalized) prices of each commodity, an equilibrium 
of E  is a point  

( ) i j

i I j J
p, x, y S X Y

∈ ∈
∈ × ×∏ ∏  

 
satisfying the following conditions: 
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 For each i I∈ , 
i ji

ij
j J

p.x p. p.yω θ
∈

≤ +∑  and ( ) ii i ix P x p.x p.x∈ ⇒ >  

 For each j J∈ , for all j jy Y∈ , 
jjp.y p.y≤  

 The allocation ( )x, y  is feasible. 

 
The point ( ) i j

i I j J
p, x, y S X Y

∈ ∈
∈ × ×∏ ∏ is a free-disposal equilibrium if, in the previous 

definition, the third condition is replaced by:  
 
3’. The allocation ( )x, y  is attainable with free-disposal and 

ij i

j J i I i I
p. y x 0ω

∈ ∈ ∈

⎛ ⎞
⎜ ⎟+ − =
⎜ ⎟
⎝ ⎠
∑ ∑ ∑ . 

 
Condition 1 states that at equilibrium every consumer has chosen in his consumption set 
a consumption plan which best satisfies his preferences under his budget constraint. 
Summing over i the budget constraints, it follows then from Condition 3) or 3’) that, at 
equilibrium, every consumer spends his equilibrium revenue: i I∀ ∈ , 

i i j
ij

j J
p.x p. p.yω θ

∈
= +∑ .  

 
Condition 2 states that every producer chooses a production plan so as to maximize his 
profit in his production set.  
 
Condition 3 states at equilibrium the equality between the total supply and the total 
demand. In case of free-disposal equilibrium, Condition 3’ ensures that the cost of the 
disposal needed for achieving equilibrium is minimized and equal to zero.  
 
A clever reader will have observed that the free-disposal equilibrium of an economy is 
thus the equilibrium of a fictitious economy identical to the original one but where an 
additional price-taker and profit-maximizing producer has the negative orthant R− as 
his production set. It is easily deduced from this remark that, at a free-disposal 
equilibrium, the equilibrium vector price is non-negative. This need not be the case if 
the equilibrium is strict, that is, without free-disposal. Some commodities may be 
noxious or at least non-desired at equilibrium; the disposal needed for achieving 
equilibrium is not free anymore and may involve costly activities.  
 
Quasi-equilibrium 
 
A point ( ) i j

i I j J
p, x, y S X Y

∈ ∈
∈ × ×∏ ∏  is a quasi-equilibrium (resp. free-disposal quasi 

equilibrium) if it satisfies the profit-maximization and feasibility conditions of the 
corresponding equilibrium definition and if Condition 1) is replaced by the weaker 
condition:  
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1’. For each i I∈ , 
i ji

ij
j J

p.x p. p.yω θ
∈

≤ +∑  and ( ) ii i ix P x p.x p.x∈ ⇒ ≥ . 

 
The interpretation of Condition 1’ is not very appealing since it means that, at a quasi-
equilibrium, no consumer could be strictly better spending strictly less than his budget 
constraint. The interest of the quasi-equilibrium concept is purely mathematical. As we 
will see in the next section, the equilibrium existence proofs actually establish the 
existence of a quasi-equilibrium, allowing for a clear distinction between the quasi-
equilibrium existence problem and the investigation of the conditions which guarantee 
that a quasi-equilibrium is an equilibrium. 
 
3. Existence of Equilibrium 
 
Several equilibrium existence proofs are available in the literature. Among the three 
main approaches, the excess demand approach obtains the equilibrium price as a zero of 
the excess demand correspondence (a zero of the excess quasi-demand correspondence 
for the quasi-equilibrium price). This approach requires the preferences of each 
consumer to be formalized by a complete preorder on their consumption set.  
 
The so-called Negishi approach bases the equilibrium existence on a fixed-point 
theorem applied in the utility space, that is in the vector space IR  whose dimension is 
equal to the finite number of consumers. This approaches requires the preferences of 
each consumer to be represented by a utility function but, since the first writings of 
Debreu, economists know that, at least when the commodity space is finite dimensional 
and under the usual assumptions of the equilibrium existence theorem, there is no loss 
of generality to assume that complete preference preorders on the consumption sets are 
represented by utility functions.  
 
The approach presented below is the simultaneous optimization approach. The interest 
of this approach and of the theorems which will be presented is to be not too much 
demanding in terms of the rationality of consumers’ choices (consumers’ preferences 
need not be complete or even transitive) and to allow for some dependence of the 
individual preferences on the actions of the other agents. 
 
3.1. Equilibrium and Quasi-equilibrium of Abstract Economies 
 
An abstract economy (generalized qualitative game, social system) is completely 
specified by 
 

( )i i i
i N

X , ,Pα
∈

Γ =  

 
where N  is a finite set of agents (players) and for each i N∈ , 
 

 iX  is a choice set (or strategy set) that we will assume to be a subset of some 
finite dimensional vector space, 
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 The correspondence i h i

h N
: X Xα
∈

→∏ is called constraint correspondence. For 

h

h N
x X : X

∈
∈ = ∏ , the set ( )i xα  is interpreted as the set of the possible strategies 

for i  given the choices ( )h
h i

x
≠

 of the other agents, 

 The correspondence i h i

h N
P : X X

∈
→∏  is a preference correspondence. For each 

x X∈ , under the condition that ( )i ix P x∉ , the set ( )iP x  is interpreted as the 

set of elements of iX  strictly preferred by i  when the choice of the other agents 
is ( )h

h i
x

≠
. 

 
An equilibrium of Γ  is a point x X∈  such that for each i N∈ , 
 

1. ( )i ix xα∈  

2. ( ) ( )i iP x xα∩ =∅  

 
The interpretation is that at each component of the equilibrium point, the corresponding 
agent best satisfies his preferences in his constraint correspondence. 
 
As a special case, if for every i N∈ and for every x X∈ , ( )i ix Xα = , in other words if 

( )i i
i N

X ,P
∈

Γ =  is a qualitative game, an equilibrium of Γ  is nothing other than a Nash 

equilibrium of the qualitative game Γ . 
 
Now, let i i: X Xβ →  be correspondences satisfying for every i N∈  and for every 
x X∈ , 
 

3. ( ) ( )i ix xβ α⊂  
 

4. ( ) ( ) ( )i i ix x xβ β α≠ ∅⇒ =  
 

where for a set A , A  denotes the closure of A . 
Given ( )i

i N
β β

∈
= , a β -quasi-equilibrium is a point x X∈  such that for each i N∈ , 

 

 5. ( )i ix xα∈  
 

 6. ( ) ( )i iP x xβ∩ =∅ . 
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β -quasi-equilibrium existence 
 
The existence of a β -quasi-equilibrium can be deduced from the Gale–Mas-Colell 
lemma, lemma itself proved using Kakutani’s theorem and a powerful selection theorem 
due to Michael. 
 
Lemma (Gale–Mas-Colell) Let N  be a finite set of indices. Given i

i N
X X

∈
=∏ , where 

for each i N∈ , iX  is a nonempty compact convex subset of some finite dimensional 
Euclidean vector space, let for each i , i i: X Xϕ →  be a lower semi-continuous 
correspondence with convex (possibly empty) values. Then there exists x X∈  such that 
for each i N∈ , either ( )i xϕ =∅  or ( )i ix xϕ∈ . 

  
The existence of a β - quasi-equilibrium for an abstract economy is proved under the 
following assumptions for each i N∈ : 
 

 (a) iX  is a nonempty compact convex subset of some finite dimensional 
Euclidean vector space, 

 (b) iα  is an upper semi-continuous and non empty closed convex-valued 
correspondence, 

 (c) iβ  is convex-valued, 

 (d) the correspondence ( ) ( )i ix x P xβ→ ∩  is lower semi-continuous, 

 (e) the correspondence iP  is convex-valued and for all x X∈ , ( )i ix P x∉ . 
  
Proposition 1 Under the conditions (a) – (e) and for β  defined as above, the abstract 

economy ( )i i i
i N

X , ,Pα
∈

Γ =  has a β -quasi-equilibrium. It is an equilibrium provided 

that for every i , ( )i xβ ≠ ∅ . 

  
 
 
- 
- 
- 
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