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Summary
Recurrent Neural Networks, or simply RNNs, have the particular characteristic of
having loops in their structures of interconnected model neurons. That brings interesting
properties to this type of neural networks, such as the embedding, the sensing and the
production of time varying signals, as well as the concept of attractor networks. All of
these aspects make RNNs an important subject of study. The initial sections of this
chapter address the basics on Artificial Neural Networks and the classical Multi Layer
Perceptron neural architecture – the MLP. This relatively simple and well known nonrecurrent neural network was chosen for the introduction of the key concepts in artificial
neurocomputing, such as the elements of a model neuron, the learning from empirical
examples, and the use of several model neurons to build neural networks that represent
complex multidimensional nonlinear phenomena and produce complex computing
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functionalities. After that, the chapter addresses the specific aspects of Recurrent Neural
Networks, discusses their relevant phenomenology and their importance in
neurocomputing and modeling, and it briefly presents several classes of recurrent neural
networks. Then, the three final sections of the chapter are dedicated to addressing with
more detail two recurrent architectures: the Hopfield neural network and the WilliamsZipser neural network. Together with the discussion of concepts such as attractor
networks, associative memory, and real time adaptive signal processing, these two
architectures are presented and explained, and two related application examples are
explored: storage of images and their recovery under noisy conditions, using attractor
networks; and continuous learning with recurrent neural networks, in the context of time
varying signals and echo cancellation.
1. Introduction: General Concepts in Artificial Neural Networks, Properties, Their
Power and Their Relevance
Artificial Neural Networks became a solid and mature area in the last four decades,
offering at the present moment an important set of resources in the Computational
Intelligence scenario. They are useful for the modeling of functional structures of the
nervous system, for the modeling of nonlinear adaptive systems in general, and for the
biologically inspired neurocomputing, particularly important for the solution of
nonlinear problems, pattern recognition, data-mining, as well as many other relevant
areas in information processing (Haykin, 1999).
The basic concept in ANNs (Artificial Neural Networks) is to bring to the computing
environment the mathematical description of the processes of knowledge learning,
storage, and representation of information observed in the nervous system, as well as
some of its mechanisms for information processing. This is accomplished, from one
side, with emphasis to the description of what happens at the level of a single neuron
and the synaptic interconnections between neurons, with the definition of a model
neuron described by mathematical expressions. From another side, the emphasis is on
the architecture level, and how these model neurons can be collectively grouped and
trained so to perform particular tasks.
Many of the interesting properties observed by biology in the nervous system of living
beings are present in such Artificial Neural Networks. These properties include the
ability to deal with nonlinearity, mechanisms of learning, adaptation and multifunctionality according to context and according to the training data (also named
training samples), generalization capability, the ability to deal with multiple input
variables, which are integrated in the performance of a task, the ability to produce
multiple output variables, and the robustness to noisy data and robustness to moderate
degradation of elements of the artificial neural network itself. All these properties are
inspired in biology, and they bring to artificial neural networks powerful properties as
information processing and computing platforms.
This chapter focuses in the class of neural networks named Recurrent Neural Networks,
which have the particular characteristic of having loops in its structure of
interconnections between model neurons, which brings interesting properties such as the
embedding, sensing and production of time varying signals, as well as the concept of
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attractor networks, detailed ahead in the following sections. The fact that biology has
such type of recurrent structures is one of the reasons that inspired the creation of
Artificial Neural Networks with recurrence. Another reason to explore such class of
neural architecture is that we know from mathematical analysis, as well as from several
fields in engineering and quantitative sciences, that structures with feedback (recursion)
have different properties when compared to systems without recursion, properties that
can be explored for enhancing the functionalities of ANNs, for the benefit of better
modeling and better solving of engineering and information processing problems.
The chapter intends to be a useful material for the beginners in artificial neural networks
and recursive artificial neural networks. At the same time, some of its sections bring
challenging discussions for those already initiated in neural networks. The initial part of
the chapter will discuss the basics on Artificial Neural Networks and will address
briefly one of the most classical and well known neural networks, the Multi Layer
Perceptron – MLP. In fact, the MLP has no recurrence at all, but it is for sure a good
starting point for our discussion due to its simple structure, being a popular first step
when getting contact with the area of artificial neural networks. After explaining the
concepts of model neuron and MLP architectures, the chapter addresses structural
aspects of Recurrent Neural Networks, their relevant phenomenology and potential
exploration in neurocomputing and modeling, listing then several classes of recurrent
architectures. Then it discusses in detail two recurrent architectures and illustrates
related concepts and applications. The first one, the Hopfield architecture, is used to
introduce and discuss several concepts such as attractors, state space landscape, and
Attractor Networks. It deals with relatively simple calculations, being perfect for a
beginner to start programming his/her own neural network. The second one, a WilliamsZipser architecture, for which we have more details in the mathematical formalization
and in the related computer programming, is good for more advanced experiments,
exploring time varying inputs and time varying outputs. Together with the exploration
of concepts, architectures and illustrative applications, advanced topics on Recurrent
Neural Networks are mentioned and references for extra reading are recommended.
2. Starting With the Basic Model Neuron and the Most Classical Non Recurrent
Neural Network-The MLP
As it was mentioned in the introduction section, a basic concept in the building of neural
networks is that of the "model neurons", also named "artificial neurons", which can be
viewed as the building blocks that together compose the neural network architectures
(Haykin, 1999). They usually have multiple inputs, representing the incoming stimuli
arriving to a biological neuron through its multiple synaptic connections, and a single
output, representing the rate of action potentials, i.e., the neurophysiologic electrical
activity generated at the initial segment of the neuron axon. The relationship between
the several inputs xi , i = 1, 2,… , N and the output y in each neuron model that
compose a classical neural architecture is given by
⎡N
y = ϕ ⎢ ∑ wi xi + wN +1
⎣ i =1

⎤
b⎥ ,
⎦
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where N is the number of synaptic inputs, b represents the bias input which can be
fixed at a constant value ( b = 1 , for example), and ϕ [⋅] is usually a nonlinear function
(hyperbolic tangent, for example). This function roughly represents the non linear
relationship between the biological neuron incoming stimulation (integrated over all the
synapses) and the rate of electrical pulses generated at the axon. The adaptable synaptic
weights wi , i = 1, 2,…, N + 1 provide the mechanism for learning: according to the
desired storage of information, desired knowledge, and desired task for the ANN, the
values of the several wi are set, emulating thus the biological synaptic plasticity, a
central element of biological adaptation, learning and information and knowledge
storage in the nervous system. The neuron model is depicted in Figure 1.

Figure 1. Neuron model used to compose a classical neural architecture, such as the
popular MLP architecture, as well as many of the Recurrent Neural Networks addressed
in this chapter. The elements of the model neuron are based on the main elements of a
biological neuron: synaptic connections w, integrative soma, and nonlinear mapping
between stimulus and level of axonal activity (Haykin, 1999).
It is imporant to notice that new model neurons are under intense and evolving research.
These new models have more complex functionalities such as elements of
neurodynamics (this is the case, for example, in the novel models so called spiking
model neurons (Gerstner and Kistler, 2002)), nonlinear synaptic effects, and higher
order composition of inputs (products among inputs). However, the simple and classical
model neuron represented in Figure 1 is still the prevalent one in most of the artificial
neural networks currently in use in a large number of different applications, and it is still
being a basic building block in the composition of many novel neural architectures
which are object of research.
The transfer function ϕ [⋅] (also known in the literature as activation function) in Eq. (1)
can appear in different neural architectures with several variations, according to the
properties needed for a particular strategy for representation of information, for storage
of knowledge and for information processing, or even according to the need for
mathematical convenience. For example, the fact that the hyperbolic tangent is smooth
and differentiable is explored in classical algorithms employed in the learning of the
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MLPs architectures (Haykin, 1999). In certain architectures, we can have more
simplified versions of the transfer function ϕ [⋅] , with respect to the standard hyperbolic
tangent: we can have a linear function, or even a function mapping analog input values
to only two binary values, also known as hard limiter (we will see this type of binary
output used in Section 5 for the Hopfield architecture, where the two output values of
each node are +1 or -1). Figure 2 shows the graphics and analytical expressions of three
types of ϕ [⋅] : hard limiter, linear, and hyperbolic tangent.

Figure 2. Three types of activation function ϕ[⋅] : graphs and analytical expressions.
2.1. The Multi Layer Perceptron - A Classical and Popular Non Recursive
Architecture

The next step in the building of a neural architecture is nothing but the use of a number
of model neurons, with the synaptic connections between them: the output of some
nodes can feed one or more of the synaptic inputs of other nodes. With the replication of
the model neuron needed for the formation of the network, Eq. (1) has to be adapted to
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reflect the existence of multiple neurons, each one with its particular output y j , where

j identifies the neuron.
The patterns of synaptic connections, the mechanism for the calculation of the wij values
linking a generic pair of nodes i and j , and the form of interaction of the nodes with
the environment, are all central elements that define what is named a neural
architecture. Many different neural architectures were conceived along the last four or
five decades, what is attested by the vast literature available on neural network
architectures. In this chapter, we will mention several of them, with emphasis to the
recurrent ones, and we will illustrate different forms of interconnections as well as
different forms of interaction of the network nodes with the environment, in terms of
inputs received from it and outputs produced by the neural network. In this respect
(inputs and outputs), for the moment we can say that, in the general case, a part of the
model neurons composing an arbitrary artificial neural network architecture can have
dedicated synaptic inputs being fed by external variables coming from the external
environment (similar to what happens in the sensory inputs in the biological nervous
system). Similarly, another part of the model neurons of the network can have their
outputs acting on the environment (similar to what happens in the neuromuscular
structures in the biological nervous system). We could also add something particularly
important for some of the recursive neural networks addressed in this chapter, and
specifically central for the Hopfield architecture discussed ahead: the fact that some
artificial neural networks also consider as a possible channel for information input the
prompting of the initial state of the nodes composing the network.
In the specific case of the MLP, which is the most classical neural architecture, and the
one most employed in current practice, we have a very particular and organized way to
define the connections between inputs and outputs of the model neurons that compose
the whole architecture. As some of the readers might already know (those with some
previous contact with neural networks), the organization in layers of an MLP means that
the flow of information from one neuron to another happens in a unidirectional (feedforward) way, as it is illustrated in Figure 3, where we represent an MLP with 4 layers,
A, B, C and D, with a total of 9 (3+3+2+1) model neurons: each numbered node in the
figure (1 though 9) represents a model neuron mathematically described by Eq. (1), and
each arrow represents a synaptic connection. The 3 neurons of layer A produce outputs
that only can feed the inputs of the nodes of layer B; by their turn, these nodes of layer
B produce outputs that only can feed the inputs of the nodes of layer C, and so on. In
this architecture organized by layers, we do not have any connection going from an
output of a given node to any input of the other nodes in the same layer; we also do not
have connections to inputs of nodes in previous layers, nor connections to layers ahead
of the next layer. The outputs of layer B, for example, do not affect the inputs of nodes
in layer A, B or even D, they only can affect the inputs of node in layer C. We have
only a forward flow of information in the classical MLPs, and we even forbid the
presence of forward connections to any forward layer different from the one
immediately ahead.
Equation (1) and Figures 1 and 2 already presented the input-output relationship of a
generic node that composes the MLP network. That equation, valid for a single neuron,
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is replicated for each node of the network, i.e., it is replicated 9 times in the particular
MLP represented in Figure 3. Notice though that each of the 9 nodes can have different
values for its synaptic weights (the w's in the generic equation), and each of them can
have a distinct nonlinearity function ϕ [⋅] .
It is important to state here clearly what is the expressive power of the MLP: it is proven
that the MLP can do universal approximation with arbitrarily small error, for arbitrary
functions of multiple variables, which makes it very powerful for nonlinear regression
as well as for automatic pattern recognition (Cybenko, 1989). Notice that the structure
represented in Figure 3 can implement a multidimensional mapping of variables, linking
the input variables in vector X to the output variables in vector Y : Y = F ( X ) .

Figure 3. A Multi Layer Perceptron (MLP) architecture, with 9 neurons (numbered 1 to
9) arranged in 4 layers: A, B, C and D.
In addition, we also add here that the widely popular learning algorithm known as Error
Back Propagation (EBP), for the definition of the values of the MLP's weights, is
essentially based on the gradient descent numerical method for the minimization of the
quadratic error of the neural network with respect to the targeted values for its outputs:
repeated adaptations are made on the weights of the network (the wij values), moving in
the opposite direction of the local gradient of the function ∑ j ( d j − y j )2 , where d is the
target training value (or desired value) for the network output, y is the output produced
by the MLP under training, and the index j runs over all the samples of the empirical
data available for that training.
3. Recurrent Neural Networks, In Artificial Neurocomputing and In Biology Structures with Cyclic Paths in the Flow of Information

In order to characterize and understand the nature of Recurrent Neural Networks -or
simply RNNs-, let us first discuss the elements related to the structure of
interconnections that characterize the recurrent neural networks. After doing that, we
can discuss, in the following sections, the phenomenology that arises in RNNs and how
it can be explored in information storage and information processing.
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As we could see in the previous section, in the classical MLP architecture, we have a
feedforward structure, where information flows in one direction only. We can say that
we have a strictly non recurrent neural network, because we do not have any output of a
given node feeding any synaptic input of a node which is back in the path that produces
information to that same given node. We do not have cyclic paths in the flow of
information in an MLP. Different from the organized feedforward processing, in
Recurrent Neural Networks (both in biology and in Artificial Neural Networks), we
have one or more of these loops, breaking the unidirectional flow of information. In
other words, in RNNs the output of at least one neuron is fed back, either through a
synaptic input that belongs to the neuron itself (self feedback), or through feeding
another neuron, whose output impacts the input of that neuron (either directly or
through a chain of neurons). This is the formal definition for RNNs, i.e., having at least
one loop in the flow of information, but in fact, many of the recurrent neural networks
proposals that have gained attention for their effective functionalities, including the
Hopfield RNN discussed in Section 5 and the Williams-Zipser RNN discussed in
Section 7, present a large number of recursive connections, much beyond a single loop,
producing a scenario of multidimensional feedback.
In biology, we observe that feedback structures are present in several parts of the
nervous system and they play important roles in the processing of nervous information.
The pattern and the degree of the feedback can vary significantly, as well as the
presumed function of such feedback in the nervous system. We can say though that the
extreme case of full connectivity among neurons, i.e., all neurons of a population are
linked to all the other neurons, is not observed in biology. Nevertheless, when we go to
artificial neural networks, we can have much more stereotyped loops, involving
sometimes highly symmetric structures and full connectivity between all nodes.
MLPs and other feedforward networks used for processing of dynamical systems tend to
capture the dynamics by including past inputs in the input vector. However, they might
not be powerful enough to capture the dynamics of complex systems. In many cases, it
is essential to employ feedback, i.e., to use RNNs (Haykin, 1999; Mandic and
Chambers, 2001). Furthermore, as the feedforward MLP networks, some classes of
RNNs may also satisfy the Kolmogorov universal approximation theorem (Mandic and
Chambers, 2001). This makes RNNs suitable for universal approximation and
prediction.
We should mention here some of the most important recurrent neural architectures,
including the pioneer ones and the more recently proposed ones: the classic John
Hopfield neural network for auto-association of images and binary strings in general
(depicted in Figure 6), the extension architecture conceived by Bart Kosko for the
bidirectional hetero-association of binary strings of different lengths, the Jordan
Recurrent Networks, the Elman Recurrent Networks, the Williams-Zipser Recurrent
Networks, the Echo-state Machines, the Liquid State Machines, as well as more
complex architectures for the exploration of rich bifurcation and chaotic dynamics in
neural oscillators, such as Aihara's, Adachi's, and RPEs (Recursive Processing
Elements) architectures (Hopfield, 1982; Kosko, 1988; Williams and Zipser, 1989;
Mandic and Chambers, 2001; Lukosevicius and Jaeger, 2009; Emilio Del-MoralHernandez, 2009). All these networks explore, in one way or another, some of the
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network is an arranged collection of (neural) nodes.
:As described in detail in the chapter, any neural network in
which we have a cyclic pattern in the flow of information
between the composing neurons. In contrast, the so named
feedfoward (or feed-forward) neural networks are the ones
for which we do not have such recurrent structure.
:The synaptic connections are the mechanism of linking two
nodes in a neural network, so that the output of one of the
neurons acts as one of the inputs of the other neuron. The
synaptic weights are the multiplicative values w that
mediate this feeding of a node input by another node
output.
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