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Summary

This article introduces, with the aid of simple examples, some important descriptions of
linear continuous time-invariant dynamical systems in the time domain. System
descriptions such as differential equations, step response, and impulse response are
discussed. Description in state space is also introduced.

1. Description by Differential Equations

The transfer behavior of linear continuous systems can be described by linear
differential equations. Lumped parameter systems are described by ordinary differential
equations, while distributed parameter system are modeled by partial differential
equations. Apart from the approach of experimental identification, system models are
derived on the basis of physical principles. In electrical systems we make use of the
basic laws such as Kirchhoff’s laws, the Ohm’s law, the laws of induction etc. (in
networks i.e., system with lumped parameters). Likewise we employ Maxwell’s
equations in distributed parameter systems (e.g., fields). In mechanical systems, we use
Newton’s laws, force, moment, and torque balance principles as well as the principle of
conservation of energy, while in thermal systems the principles involved are that of
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conservation of internal energy or enthalpy, heat transfer and heat flow, often in
combination with the laws of fluid dynamics. In order to enable a control engineer to
tackle a wide variety of systems, typical examples of systems in the three fields
mentioned above have been chosen for illustration in the following.

1.1. Electrical Systems
In order to handle electrical networks, one requires Kirchhoff’s laws:
1. The algebraic sum of all currents at a junction (node) is zero. That is, Zix=0 at
any node.

2. The algebraic sum of all voltages in a mesh is zero. That is, Zux=0 in any mesh.

The development of differential equation description of a network will now be
illustrated with the aid of an example shown in Figure 1.

. A o .

o OO ‘L A

Mesh 1

Figure 1. An electrical system

In this network R represents a resistance, C a capacitance, and L an inductance. The
input and output variables, x;j(t) and Xo(t) respectively are the voltages at the ports. An

initial charge on the capacitor is represented by the corresponding voltage U (0). Let
i1(0) = 0.

Applying Krichhoff’s laws:

For mesh 1:
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%0 =L3 Ri)

dt
1t (1)
+E£|2 (r)dz +uc (0).
For mesh 2:
1t
0
At node A:
As the output port is not loaded (open), i3 = 0. Therefore,
i, =i, =i 4)
Egs. (1) and (2) lead to the relation:
X (t) = L—+ X, (1) (5)
from which it follows that
1t
1)=7[Ix() - %]z, ©
0
Using Eq. (4), iy is inserted in Eq. (2). This gives
1t
= RI“Xi (r) — X, (7)]dz
0
107
+—I I[Xi (72) = X (z5)]d7,d7y (7)
CLy o
+Uc (0).

Differentiating Eq. (7) twice,
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d?x, R{dx dx,) 1
=— - + Xi — X 8
dt2 L(dt dt CL(' o) ®
or
2
CLd X°+CRdX°+xO:CR%+xi. (9)
dt? dt dt

If we denote T; =RCand T, = +/LC , we get for the given electric network finally the
second order linear differential equation with constant coefficients:

2 dZXo
T, —
dt

dx,

dx;
+T !
Lt

+ XO == Xi +T1E (10)

To determine Xo(t) uniquely the two initial conditions X,(0) and X, (0) should be

specified. The order of such a system is given by the number of independent energy
storage elements (here L and C).

1.2. Mechanical Systems

In order to obtain the differential equations characterizing mechanical systems we
require the following laws:

e Newton’s laws of motion,
e Force, moment, and torque balance conditions, and
e Conservation of energy, linear momentum, and angular momentum.

As an example of a mechanical system consider the mass-spring-damper system shown
in Figure 2.

1.,
'

Figure 2. A mechanical system
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In this, c is the spring constant, d the damping constant, and m the mass. The variables
Vi1 (= Xo), V2 and x; denote the velocities and displacement at the points noted in the
figure.

Newton’s Law:

dv
m—=>"F, , (F; external forces)

dt
in the present case gives

dv,
m—==d(v, — Vv 11
o (v, —Vy) (11)

Force balance at the point P (damping force = spring force) if the spring has no initial
deflectionat t =0, gives

t
d(Vl—Vz)ZCf[Xi (7) —Vvi(7)]dz. (12)
0

From Egs. (11) and (12), we get

t t

Since vy is treated as the output variable xo of the system and the relation between v; and
Xi is of interest, v, is eliminated. For this purpose Eq. (12) is differentiated with respect
to time to give:

dv; dv,
122 _ofx =v]. 14
dt - dt ol =l 4

Inserting Eq. (13) in Eq. (14) and differentiating the result once more

dﬂ dc  dc

i Vl

dt?  m m (15)
dx, dvy
=C—L —Cc—=.
dt dt

This is a second order linear differential equation with constant coefficients. Denoting

XO :Vl,
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T;=m/dand T, = v/m/C, we get

d?x dx dx.
T.? O 4T, —2 4+ X =X + T, —-. 16

This equation possesses the same mathematical structure as that of the electrical
network i.e., Eg.(10). The two systems are thus analogues of each other.

The analogy between mechanical systems made up of the basic elements m, ¢, and d and

electrical systems with the basic elements R, L, and C can be generalized as shown in
Figure 3.

Mechanical system Electrical analogs

{Second kind) (First kind)
E m 0—;—I L
v P
—’D_‘.‘\'//Z/ ”l ]— = "l L
‘_h . | di
Fema i=C.g u=l g

Fivy " Fi.v i L ¢ h :

—b{)—/\/\/\/—O—D wd — i u . -
| &% "L T 3

! e o f=f =i e
_1 il 1 ¢ i
F= 5 (vy-va e i= I__I-lu_-u..:e.l’.f Jf—(.f[a,vr:]efr
i € iy 1y Iy
o—e—{__}+»—0
1 H_* L““ r:,l R l:.r‘
—e— [—or-— 2 .
B— | o0
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F=d (v;-3,) i= G (- 1y (7} R“I"_"
F.v Fei v 2y FZu vai
Correspondence at the ports
Mechanical Electrical Electrical
open circuit F=0 open circuit =0 short circuit =0
mechanical Electrical Electrical
short circuit =0 short circuit =0 open cireuit i=0

Analogous connections
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Figure 3. Electrical analogues of mechanical systems
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The system shown in the first row and first column represents a mass under the action of
force. It is analogous to a single port (two terminal electrical network). The systems in
the next two rows in the first column on the other hand are analogous to two port (four
terminal) networks. Analogy can be established between two systems by
correspondence between the variables as effort and flow variables in the two systems.
This can be done in two ways to obtain dual electrical analogues of mechanical systems:

1. Analogy of the first kind: Force <voltage (F < u) and velocity < current (v <
i)

2. Analogy of the second kind: Force < current (F < 1) and velocity < voltage (v
S )

Although the two kinds of analogy lead to equations that have the same structure as the
corresponding mechanical equation, it is the second kind that is often used, because, as
shown in the bottom row of Figure 3, it preserves the topological structure (parallel
connection) of the mechanical system. Notice that the first kind of analogy produces an
electrical analogue that is a series circuit.
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