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Summary

Correlation analysis is one of the most important aspects of multivariate statistical
theory. Based on the different definitions of correlation coefficients (ordinary, partial,
multiple and canonical), which (generally) measure the linear association between
random variables or groups of random variables, a statistical analysis enables to explore
the joint performance of the variables and to determine the effect of each of these
variables in the presence of the others.

1. Correlation Between Two Random Variables (Simple Correlation)

X
Let X = (le be a 2-dimensional random vector with the expectation E(%) =l
2

Xl EXl Ml . -
(that means I = = =) and the covariance matrix
Xy EX, Foo

011 O
I, :[ 11 12].
021 022
Then the (simple or ordinary) correlation coefficient of X and X, is defined by

oo = cov(X;, X,)
s \/var(Xl)-var(Xz)

1)

with
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cov( Xy, X, ) =cov(Xy, X, )=E((X, - EX,)(X, - EX,)) 2)
and VaI’(Xi)=E((Xi —EXi)Z) >0, | :1,2. (3)

This correlation coefficient is a quantitative measure for the (linear) association - called
correlation - between the random variables X;and X, with the following properties

-1<p<1

(Q :1(: -1 resp.) iscalled positive (negative resp.) maximal correlation.)

If and only if ‘Q‘ =1 (maximal correlation) there exist real constants a,a,,b with
a Y, +ayY, +0=0.

If one relabels the random variables Y, and Y, by

Vi=aX,+b (a>0, breal)

and

Y,=cX,+d (c>0, dreal),

then the correlation coefficient between Y; and Y, is the same as the correlation
coefficient between X, and X,:

Ov.Y, TOx1Xy:

(This property especially shows that the correlation coefficient is a quantitative measure
for the linear association between two random variables.)

If a random d-dimensional vector X has the covariance matrix

P%:E:(Uﬂf)jﬂ ..... d (4)

Ok = . (5)
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then
oy, cov(X,, X;)

= = (6)
\/ajjakk \/var(Xj)Var(Xk)

Ox;. X,

is the correlation coefficient between two components of X, say, Xj and X, .

Given a (mathematical) sample X,,...,X, with

x —[X“j i=1
i = ) =1..,Nn
X2i

: . X
(independent observations of X =

]), the correlation coefficient
2

0=0x, x,

is estimated by the (ordinary) sample correlation coefficient

0=0(n)=——"2 - (7)
[ A S %)
with
X, :iinl and X, = iXm
i=1 =1

X
If X = [le is normally distributed with the covariance matrix
2

o o
11 912
'y —E—( ]
021 022

then the density of X :

1 1 (@) =N (-n)) (

fx :fx(iﬂ):Z(detE) 2¢ ? @ = (2,7, )With —o00 < 2,2, <oo)

(8)
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has the following form

2
B op( —M1)2 —2012(331—M1)($2 —M2)+011(3;2—Mz)

1 2(011022—0122)
Felz,m) = e )
27T\/ 011022 _0%2
or
1 1 ((Il_.“l)z - Q(I1—H1)($2_HQ) }(@_/Q)QJ
2 2 g o2
f%(%,xz): > e 2(1_9 )k 01 192 2 (10)
2m0y0541—p
with
Hy = E(Xl)
(11)
Mo = E(XQ)
049 =05 =Var(X,) > 0.
In this case
fy = X,., (13)
fly = Xy (14)
- 1 & = \2
o1 :EZ(X“ —X1.) : (15)
1=
- 1& — \2
022 :_Z(XQi _Xz-) ’ (16)
nij=1
" 1Z — —

i=1

are the so-called maximum likelihood estimators of (i, 115,071,099, and o5 resp.
(compare Statistical Inference), that means
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A~

L(%l,...,%n;ﬂl,#g,&u’(}ﬂ!&u)

: (18)

= max L(:{l""'xn’/“Ll':u2’0-11’0-22'0-12)

(141, 19,011,092 ,019 ) ERXRXRT xR xR
with the likelihood function L:
L(%l'""xn;:ul’“Q'Ull’O-QQ’o-l?)

n

= fo (Xli’XQi)

i=1

2 2
~ 022(X1i —#1) ~2015( X~y )( Koy —H2)+‘711(X2i —#2)
n 2

— 1 - He 2(011022—012) (19)

(27T\/ 01192 _‘7%2) =
) 1 _Wé(UQZ(Xli_M)Z_ 2012(X1i—Ml)(Xzi—M2)+f711(X2i—M2)2)

n
270109y — O
11~22 12

(L:L(@),. Ty iy, [, 0115 O3, 019 )y ®yyeo &y, € R?,is the density function of

the 2n -dimensional random vector X = (X,..X, )T ).

Furthermore, it holds

Eﬁ:E(KflJz(ulj, (20)
Ha Mo

A~

E(M_M)Z E(ﬁl‘#l)(ﬁfﬂQ)
E(ﬁ1‘ﬂ1)(ﬁ2‘/~‘2) E(ﬁQ‘H2)2

:[ var(fi;) COV([L1’[L2)J

COV(ﬁliﬁQ) var( i)

T, =

(21)
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_3[011 ‘712J

n\012 Og9

and the sample covariance matrix

~ (0, O
11 %12

3 [ ’ J @)
012 022

has the (probability) density

012

J (812,812,520 ) = frl} (511:512:522)

092

it (s msh) T e 5 0,8, 0
=147 (n -1) ' (011022 ) )"Ql ' and 51y < 51599
0 elsewhere
(23)
(09
with the Gamma-function I': I'(p) = j tp_le_tdt(p >0).
0

This implies the (probability) density fé of the sample correlation coefficient

0 elsewhere

and the sample function (statistic)

T:\/n—Z% (25)
1-0

is t-distributed with n — 2 degrees of freedom.

Thus to test the hypothesis H, : o = 0 (versus the alternative /7 4 : 0 # 0) one uses the
statistic (25).

The problem is somewhat difficult if one wishes to test the hypothesis
HOZQIQO,QO(‘QO‘<1) is specified, versus the alternative (hypothesis)
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H 4 :0+# og(That means, the correlation coefficient is assumed equal to a given
value gy .). In this case R.A. Fisher (1921) (cf. Nollau, V. and Srivastava, M.S. and
Carter, E.M.) suggested a transformation (Fisher’s Z-transformation, c.f. Eq. (74)):

7=tpite (26)
2 1-p
with EZ=2inT12 4 2 _ g var(Z) = o~ (27)
2 1l-p Z(n—l) n—23

With ¢ = 1 In 1+Q + 20— )( -l<p< 1) Fisher’s Z-transformation has asymptotically

a normal distribution N(C,ﬁ), if the sample size n tends to infinity. Hence, under

the hypothesis Hy, : o = g, the test statistic

(Z-¢y)Jn-3 (28)

with

1 1+Q(n)

4= 2 l g(n)

, 0(n)=0 (cfEq.(7)), (29)
and

I
2n1 % Z(n 1)

1, 1+
Q=T 0

is asymptotically standardized normally distributed.

The asymptotic distribution of Z also implies that an asymptotic confidence interval for
0 1S

Z_Zl—g Z—i_zl_g

P| tanh| ——= |<p <tanh| —= | |=1-« (31)

for a given confidence level 1— (0 < v <1).

Moreover, an asymptotic test for comparing the correlation coefficients ¢, and o, of
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two normally distributed random vectors X and )/ can also be constructed by Fisher’s
transformation:

Let
xl:(x )’%Q{X e En = g ()
21 22 1n
and (32)
Y, Y Yin,
y:[ j’ y2:£ yreny J}n = n24
e Yo > | Yin, (n224)

independent random samples from two two-dimensional normal populations
Nl(ul,El) and NZ([J,Q,EZ) with the expectation vectors

E‘%i =y (l 1,...,71,1)
EX=p, (i=1..n,),

the covariance matrices

2
o 010110
_ _ 11 1011912 . 1
in =3 = ) (I—l,...,nl)
01011012 012
o2 050510
B _ 21 2091092 .
I‘yI =3, = ) (l—l,...,n2)
92091099 092

and the correlation coefficients

Q1 = 0Xy;, Xy (i=1..m)
0 =0y, vy, (i=1,...n,).

Under the hypothesis Hy:0, =0, (“The correlation coefficients of both the
populations are equal.”) the (test) statistic

Zl_Z2

T —
1 n 1
n =3 Ny—3

(33)

©Encyclopedia of Life Support Systems (EOLSS)



PROBABILITY AND STATISTICS - Vol. lll - Correlation Analysis - V. Nollau

with
Zl:i'”lﬂﬂ)l and Z2=1 it (34)
2 1-g 2 1l-p
’I’Ll _ _
Z(Xli _Xl-)(X2i _X2.)
él B = (35)
n _ 2 M >
Zi(Xli_Xl-) '_Zi(Xm—Xz.)
I= i=
ngy _
and 0, = i= ’ o
No 2 o B )
Y (Vi-Y.) (Ve -1a)
I= i=1
— 1M - _ 1 ™
Xj°=_szi (]=1,2) and Yj-=—iji
nl i=1 n2 i1

is asymptotically standardized normally distributed.

Thus the hypothesis is to reject, if for a realization £of 1" based on concrete samples
(cf.Eq. (32)) holds |t| > 2 a with respect to a given significance level

1—a(0<a<1).
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