CONTROL SYSTEMS, ROBOTICS AND AUTOMATION - Vol. XII - Feedback Linearization of Nonlinear Systems - Alberto
Isidori and Claudio De Persis

FEEDBACK LINEARIZATION OF NONLINEAR SYSTEMS

Alberto Isidori

Dipartimento di Informatica e Sistemistica, Universita di Roma “La Sapienza™ and
Department of Systems Science and Mathematics, Washington University in St. Louis,
Italy.

Claudio De Persis
Dipartimento di Informatica e Sistemistica, Universita di Roma ““La Sapienza", Italy.

Keywords: Feedback Linearization, Change of Coordinates, State Feedback.
Contents

1. The problem of feedback linearization

2. Normal forms of single-input single-output systems
3. Conditions for exact linearization via feedback
Glossary

Bibliography

Biographical Sketches

Summary

The chapter examines the feedback linearization problem. Relying on the concept of
relative degree, a change of coordinates and a feedback law are found for which the
closed-loop system in the new coordinates is in a normal form. This is the point of
departure for obtaining a constructive procedure allowing us to transform a nonlinear
system into a linear and controllable one.

1. The Problem of Feedback Linearization

Consider a single-input single-output nonlinear system modeled by differential
equations of the type

X
y

f0O)+g(xu

Q (1)

where x e R" is the state vector, u <R is the control input, y R is the measured
output and f(x), g(x),h(x) are smooth functions of x.

A basic issue in control theory is how to use feedback in order to modify the original
internal dynamics of a controlled plant in such a way as to obtain the same behavior of
some prescribed autonomous linear system.

This problem, which in the case of linear systems is known as the problem of pole

placement, is known in the more general framework of nonlinear systems as feedback
linearization (see Bibliography).
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Changes in the description and in the behavior of system (1) will be considered under
two types of transformation: (i) changes of coordinates in the state space and (ii) static
state feedback control laws, i.e. memoryless state feedback laws.

In the case of a linear system,

Ax+ Bu
y = Cx

X

2

a static state feedback control law takes the form

u=Fx+Gv, ®)

in which v represents a new control input and F and G are matrices of appropriate
dimensions. Moreover, only linear changes of coordinates are usually considered. This
corresponds to the substitution of the original state vector x with-a new vector z
related to x by a transformation of the form

z=Tx,

where T is a nonsingular matrix. Accordingly, the original description of system (2) is
replaced by a new description

Az + Bu
Cz

z
y

(4)

in which
A=TAT!, B=TB, C=CT!.

In the case of a nonlinear system, a static feedback control law is a control law of the
form

u=a(x)+p(x)v, ®)

where v represents a new control input and B(x) is assumed to be nonzero for all x.

Moreover, nonlinear changes of coordinates are considered, i.e., transformations of the
form

z=®(x), (6)

where z is the new state vector and ®(x) represents a (n -vector valued) function of n
variables,
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¢ (X) O (X, X500 Xn)

CI)(X)= (I)Z(X) _ (I)Z(X1’X2""’Xn) ’

(I)n(X) (I)n(xlaXZa"':Xn)
with the following properties:

1. ©(x) is invertible; i.e. there exists a function ®~1(z) such that
o H@(X)=x, ®@(2)=1:
forall xeR" andall zeR".

2. ®(x) and ®*(z) are both smooth mappings.

A transformation of this type is called a global diffeomorphism. The first property is
needed to guarantee the invertibility of the transformation to yield the original state
vector as

X = CD‘l(z),

while the second one guarantees that the description of the system in the new
coordinates is still a smooth one.

Sometimes a transformation possessing both of these properties and defined for all x is
hard to find and the properties in question are difficult to check. Thus, in most cases,
transformations defined only in the neighborhood of a given point are of interest.

A transformation of this type is called a local diffeomorphism. To check whether or not
a given transformation is a local diffeomorphism, the following result is very useful.

Proposition 1. Suppose @®(x) is a smooth function defined on some open subset
U e R". Suppose the Jacobian matrix

oh o9 oh
o Xy o,
0 0 0
x 1 "
Oy Oy Oy
o X, oX,

is nonsingular at point x=x". Then, for some suitable open subset u® of U,
containing X0, ®(x) defines a local diffeomorphism between U% and its image
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oU?Y).

The effect of a change of coordinates on the description of a nonlinear system can be
analyzed as follows. Set

z(t) = @(x(1))
and differentiate both sides with respect to time to yield

s 200 dx_ oo

= at T ot o (T xO)+ g (x()u(t))

Then, expressing x(t) as @ *(z(t)), one obtains

2ty = f)+g§m)ue)
y@t) = h(z(t)) .
where

| mn=[§9mw

ﬂn=[§9fuﬂ j ,
2 x=0"1(2) X x=0"1(z2)

h(z) = (h(¥) o2 -

The latter are the formulas relating the new description of the system to the original one.
Given the nonlinear system (1), the problem of feedback linearization consists of
finding, if possible, a change of coordinates of the form (6) and a static state feedback of
the form (5) such that the composed dynamics of (1) and (5), namely the system

x = f(x)+g(x)a(x) + g(x)B(X)v, (7)

expressed in the new coordinates z , is the linear and controllable system

71 = 22
2o = I3
In1 = Zn
in = V.
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