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Summary

Essential concepts of fluid mechanics required to understand the action of hydraulic
structures are developed. The fundamentals of pressure variation in a static fluid and the
calculation of hydrostatic forces on submerged surfaces are first studied. Continuity,
energy, and momentum principles for a fluid flow are then introduced using an
essentially one-dimensional approach, followed by discussion of pipe flow, open
channel flow, and hydropower. The ideas of flow measurement and conveyance, forces
on hydraulic structures, and energy dissipation and abstraction, are illustrated through a
number of worked novel application examples related to life support systems, in
particular micro-hydropower and sustainable development. The article, which assumes
little or no prior knowledge of the subject, offers a quick introduction to basic concepts
of “green” fluid mechanics. The reader will gain an understanding of basic calculations
for designing an appropriate simple hydroelectric system; other notions covered include
ocean energy utilization, the use of hydraulic structures for environmental preservation
and protection of human lives from devastating fluid flow forces, and flood risks
imposed by dam construction.
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1. Introduction

Fluid mechanics deals with the mechanics and behavior of all types of fluids. Some of
these fluids may be gases, such as air, while others may be liquids, but even within
these two broad categories there may be very different characteristics. For example,
some liquids flow easily while others, for example molasses or crude oil, show great
resistance to flow. The study of fluid mechanics should take all of these variations into
account. However, consistent with the theme, here the coverage is limited to fluid
mechanics as it relates to water. The aim is to present the basic fluid mechanical
principles required to understand the action of hydraulic structures, and to develop and
illustrate their application in life support systems through a number of examples. In
particular mini/micro-hydropower and sustainable development was selected as the
theme. This is the development of hydroelectricity, a sustainable renewable energy
source, on a scale that might be suitable for small villages, or indeed, individual small
farms.

Mini hydro developments typically require a small dam and reservoir to store water,
together with some sort of conveyance system, either a pipe or a channel, to transport
the water to a turbine where power is generated. To design such a system it is necessary
to have some understanding of flow measurement to determine the magnitude of flow in
the river. Forces exerted by the fluid against the dam must be calculated to ensure that
the dam will be safe. Flow in pipes and channels must be understood to calculate an
appropriate size, and so that the energy loss due to resistance between the pipe or
channel and the flowing water can be calculated. Finally, it is necessary to understand
the way in which power is abstracted from the flowing water to be able to calculate the
power output of any scheme.

All of the above topics will be discussed in this article so that, by its conclusion, the
reader should have an understanding of the relevant calculations for designing an
appropriate, simple, hydroelectric system. Other interesting applications will also be
covered. The article has been written for those with little or no prior knowledge of the
subject, and assumes only a basic knowledge of mathematics up to first year university
level. The fundamental nature of the topic is such that any professionals, teachers or
researchers in the area will already be familiar with most of the material covered here
although it is hoped that the treatment given will be somewhat different from that found
in standard textbooks.

2. Pressure Variations and Forces in Fluids at Rest

The basic difference between solids, liquids and gases lies in the relative strength of the
intermolecular bonds. In a solid the bonds are strong enough for the material to retain a
distinctive shape, while in a liquid the bonding forces are weaker to the extent that a
liquid will flow to completely fill the bottom part of any container in which it is placed.
The strength of the intermolecular force is even weaker in a gas which will expand to
fill any closed container completely. The fact that a solid can maintain a particular
shape also makes it possible for different stresses to exist on different planes passing
through a single point. Such a condition is not possible in a fluid where the relatively
weaker bonds make it impossible for the fluid to resist any shear stress permanently.
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This ensures that the pressure (analogous to stress in a solid) at a point in a fluid is the
same in all directions (i.e., the pressure is equal on all planes passing through any
particular point). Furthermore, because of the inability of a fluid to resist shear stresses
without flowing, the pressure force at any point will always be perpendicular to the
surface on which it acts. Of course, this is fairly obvious because any pressure force
component parallel to the surface will cause the fluid to flow so as to eliminate that
component.

In a fluid at rest, the pressure distribution is entirely determined by the body (gravity)
force. The change of pressure in the vertical direction can be shown to be:

dp
= 1
4z /4 @

where p = pressure, z = elevation (positive in the upwards direction), and vy = pg =
specific weight of fluid (p = density, g = gravitational acceleration). If the fluid is
incompressible and homogenous (constant density, y = constant), the pressure varies
linearly with depth,

p-py=-12-2) @

where p — po is the pressure relative to the reference pressure at z = zo. If the reference
level is a free surface open to the atmosphere, then — (z = zo) is the depth below the
surface and p — po is the difference between the pressure at elevation z and atmospheric
pressure; this is called the gage pressure. This is the normal situation for water, which
can generally be considered to be incompressible unless the flow conditions are changed
very quickly, as in water hammer. The above equation can be rewritten to give the
fundamental law of hydrostatics:

P + z = constant 3)

/4

where Band z each has the unit of length. P is termed the pressure head and z the

/4 4

elevation head; the sum of the two, P + z, is called the piezometric head. Stated simply,

Y
the piezometric head is the same at all points in a fluid at rest. A point at a higher
location (larger z) will have lower pressure so as to keep the piezometric head constant,
and vice versa. In static water with a free surface (e.g., a lake or reservoir) the
piezometric head relative to any datum will be the difference in elevation between the
datum and the free surface.

The simple relationship for pressure variation given above is sufficient to allow pressure
forces to be calculated. On a vertical rectangular surface, for example a vertical dam
wall of depth h, the pressure will vary linearly with depth, with zero pressure at the
surface and a pressure of jh at the bottom of the dam (i.e., the pressure profile on the
dam is triangular—the “pressure prism”). The total force on the dam will then be given
by the average pressure multiplied by the area of the dam. For a dam width of B this
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would be F, :%WZB. This is the only fluid force acting on the dam. It will be

horizontal and will act through the centroid of the pressure distribution, i.e., at a depth
of 2h/3.

In many cases the surface will be inclined, as shown in Figure 1. Here the dam surface
is inclined at angle &to the horizontal, and the dam must now withstand the combined
effects of a horizontal and a vertical force. The horizontal force will be the same as
before, while the vertical force F, is given by the weight of the wedge of water
immediately above the dam wall. For the circumstances shown in Figure 1,

F, =W = %;/nz cot@ B. It acts through the centroid of the triangle abc. The total force

on the dam is then the resultant of these two forces, namely R=,F>+F’. The

resultant passes through the center of pressure C (the centroid of the elemental pressure
forces) at an angle ¢ = tan*(F, /F, ) to the horizontal.

Fu

p=th J/n \

T7777777777777<77777777777777777

Figure 1. Hydrostatic force on a dam

The previous examples for planar surfaces have been simple and straightforward. Very
often the hydrostatic force on a curved surface is required. Figure 2 shows an air-
inflated rubber dam that is widely used for both flood control and environmental
protection. The inflatable dam can impound water at relatively low head upstream (e.g.,
for irrigation), and also act as a barrier to the intrusion of backflow of polluted waters
from the downstream end (e.g., in polluted tidal estuaries). In times of storm it can also
be deflated and allow storm water to pass over without increasing the risk of flooding
upstream. The inflatable dam has proved to be effective with low maintenance
requirements. In the figure, the shape of the upstream face of the dam (ab) can be

approximately described by the expression %: ,B(l—e’loﬂ‘/h), where h = water depth

(typically 1 to 2 m), and £ = 0.6 is a shape parameter. For the circumstances shown in
Figure 2, the horizontal component of the hydrostatic force is exactly the same as

before, F, = %mZB , While the vertical component can be shown to be also equal to the
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weight of the water above the dam surface (ab). The latter can be obtained by
integration and is equal to F, ~ 0.1)h*B.

Air-inflated
rubber dam

r B I BT S S T e

Figure 2. An environmentally friendly air-inflated rubber dam

In general, the elemental force dF acting on an elemental area dA is dF = pdA, where p
is the local pressure. Since the vectorial components of dF are known, given the
pressure (Equation 2) and the orientation of the surface, integration of the elemental
forces will give the hydrostatic force for a surface of any shape. For y = constant, the
integration also results in two useful theorems for Fy and F,: It can be shown that the
horizontal and vertical components of the resultant are given by (i) F,, = horizontal force
on the projection of the curved surface on the vertical plane; and (ii) F, =y x (volume
subtended by the surface at the reference pressure level, z = zp). For the case when there
is water directly above the surface, the latter reduces to the weight of fluid above the
surface. Similarly the line of action or center of gravity of the resultant can be obtained
in general by integration. The reader is reminded that (i) pressure acts in all directions;
and (ii) the hydrostatic force is a result of the summation of local normal stresses
(pressure) acting on the surface in contact with the water.

2.5m -
diameter
42m

T T EETET

Figure 3a. A cistern for storing water
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Figure 3b.Pascal vessels and the hydrostatic paradox

Figure 3a shows a 76 m cistern used to store water. It consists of a 5 m diameter lower
cylindrical portion narrowing into a 2.5 m diameter upper cylindrical portion by a
shoulder, in the form of a conical frustrum 6 m high. Although the weight of the water
acts downwards, there are significant upward hydrostatic forces on the slanting sides of
the cone (ABCD). The vertical upthrust can be large enough to rupture the base of the
pipe (an example was the failure of the Coney Island Standpipe in December 1886).
Figure 3b shows vessels of different shapes all with the same base area a and filled to
the same depth of water h. It should not come as a surprise that despite different weights
of water in the vessels (“Pascal” vessels), the force acting on the base is the same in
each vessel, F = yha (this is the Hydrostatic Paradox which puzzled the ancient Greeks).
The apparent “paradox” can be readily explained by isolating the fluid mass inside each
vessel and considering the pressure force along the sides of the vessel. This discussion
of hydrostatics closes with an illustrative “toy example” (Example 1):

Example 1: Hydrostatic Force on an Inverted Cone. An inverted hollow perspex cone
(base diameter 9 cm, height 10 cm) with an effective density less than that of water is
inserted into a 2 cm diameter hole at the bottom of a laboratory tank (Figure 4a). First,
the initially empty tank is slowly filled with water from below (Figure 4b). Neglecting
friction forces, at what depth h; will the cone start to float?

(a) (b) (c)

: 2 I
dh i 7S o 78%m
& v f ~dF 10cm + 1:; 1 o | ] ‘

2 em diameter opening
Figure 4 (a, b, and ¢). An inverted cone experiment
After draining all the water in the tank, a second experiment is carried out. However,

this time the cone is pressed down lightly against the hole, and the tank is slowly filled
with water up to a large depth above the cone so that it will stay in position when left
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alone (Figure 4c). Water is then allowed to discharge very slowly through a side
opening. At what depth h, will the cone pop up from the hole?

The interior of the solid perspex cone is made partly hollow, and the mass of the cone is

0.15 kg (volume of cone = %ﬂfzh ).

Solution: Consider first the situation when the tank is initially empty and water is added
(Figure 4b). At some depth h;, the upward hydrostatic force will exceed the weight and
the cone will rise, allowing water to exit through the hole in the base of the tank. This
depth can be calculated by considering the force on an elemental strip of height dh at a
depth h (Figure 4a). The force is given by the product of the pressure at depth h, i.e., h
multiplied by the area of the strip around the surface of the cone, dF = p(xBdh). This
can then be integrated from h = 0 to h = h; to obtain the total force. When the vertical
component of this force is equal to the weight the cone will move upwards and open the
hole.

The mass of the cone, M. = 150 g. The vertical distance of the cone vertex below the 1
cm radius opening is:

ho = 10/4.5 x 1 = 2.2 cm (Figure 4b). The vertical force acting on the surface ab is equal
to y (volume abc); hence:

F, =pg@nrf(hl+m)—§ﬂ(1-0)2m—zz(l-O)zn}Mcg @

where p = 1000 kg/m®, and g = 9.81 m/s?. Noting that r; = (4.5/10) (h; + ho), it can be
shown that the force balance becomes (with depths in cm):

; h, +h, 045 —; L0 (2.2) - #(1.0)*h, =150 ©

The equation can be rearranged into a form convenient for iteration:

y=246y+4627" ©6)
where y = h; + h,. Starting with y = 0, the above equation gives y = h; + hy = 9.38 cm
after three iterations. Hence h; = 7.2 cm.

For the second case (Figure 4c), a quite different situation arises if the cone is held in
place while water fills the tank to a depth significantly in excess of the height of the
cone. When the cone is released it will remain in place while the water level is lowered,
and will continue to remain in place until the depth decreases to some depth h, which
will be greater than h;. These depths are different because the pressure force on the top
surface of the cone must be included in the second case but not in the first. The upward
force acting on the surface abc can be similarly computed (it is equal to the displaced
volume of abc). In addition there is a downward pressure p = ©{h,— 7.8) acting on the
center part of the top surface of the cone, cc. It can be shown then that:

F, (upwerd) =W, +F, (dowrverd) 0
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or

y@ 7045 xlO—é;z(l.O)zhO — 710y ><7.8j =W, +y410)’(h, ~7.8) ®)

This then gives h, = 19 cm. Now suppose the position of the cone is reversed and it is
placed over the hole with its pointed end upwards. It is easy to see that the hole will
remain sealed under all conditions. In that position the vertical component of the
pressure force always acts down to reinforce the weight and keep the hole closed.

3. Fluid in Motion: Types of Flow

Flows may be classified in various ways, but two useful classifications deal with
consideration of the flow characteristics with respect to time and with respect to
distance along the flow path. Steady flow refers to one in which the flow characteristics
are constant everywhere with respect to time, whereas the flow characteristics vary with
time in unsteady flows. In reality, all flows are unsteady if looked at over a long enough
time period, but much can be learned from a study of steady flows. For example a
hydraulic structure on a river might be designed to cope with the maximum flow and the
minimum flow. Each could be considered from a steady flow point of view and the way
in which the flow changed from one condition to the other might be of little interest. On
the other hand, the study of the movement of flood waves or tidal influence in an
estuary would certainly have to consider the unsteady nature of the flow.

An alternative method of classifying the flow considers the flow characteristics at a
particular instant of time and looks at whether there is any change with respect to
distance along the flow path. When the flow characteristics (depth, velocity, etc.) are
constant along the length of the channel the flow is said to be uniform. This condition
occurs when the forces causing (e.g., gravity) and opposing (e.g., friction) flow are in
balance. When the forces are not balanced the flow will accelerate or decelerate. The
characteristics will then vary along the channel and the flow is said to be gradually or
rapidly varied depending on the flow curvature. The flow is then nonuniform even
though it is steady.

Most natural flows are unsteady and nonuniform. However, many useful calculations
can be made by considering steady uniform flows. For example, water supply pipes are
designed to cater for the maximum flow and the flow variation throughout the day does
not affect the size of pipe needed for the maximum flow. Most pipelines operate with
uniform flow because the diameter is constant. The flow in natural channels would be
varied but may be approximated as uniform over short distances.

In 1883, Professor Osborne Reynolds observed two distinctly different types of flow.
These have become known as laminar and turbulent flow. Laminar flow is an orderly
flow in which there are no eddies. Particles in the flow follow one another in smooth
paths; a dye trace injected into the fluid would follow a fairly straight unbroken line and
would not disperse throughout the flow. Flows of viscous oil, malt or molasses would
all be cases of laminar flow. These liquids are all viscous, or sticky, liquids. However
the flow of any fluid may be laminar if it occurs at small enough scale or small enough
velocity. For example the movement of groundwater, which occurs at low velocities
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