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Summary  
 
Standard models of 2-D linear systems are presented, and relationships between the 
models are established. Solutions to the models and general response formulae are 
given. The realization problem is formulated and solved for standard 2-D models. 
Stability criteria are presented, and the eigenvalue assignment problem is formulated 
and solved. Necessary and sufficient conditions for controllability and observability are 
given. 
 
1. Introduction 

 
A growing interest in problems involving signals and systems that depend on more than 
one variable has developed over the past two decades. Two-dimensional (2-D) discrete 
systems are dynamical systems described by difference equations in two independent 
variables. The 2-D and the general case n-D (n>2) signals and system have been studied 
in relation to several modern engineering fields, such as multidimensional digital 
filtering, multivariable network realizability, multidimensional system synthesis, digital 
picture processing, seismic data processing, X-ray image enhancement, the 
enhancement and analysis of aerial photographs for detection of forest fires or crop 
damage, the analysis of satellite weather photos, image deblurring, etc.  
 
The 2-D systems theory has also many industrial applications for example in industrial 
processes such as paper making, plastic film extrusion and steel sheet formation. 
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Most of the major results concerning the multidimensional signals and systems have 
been developed for 2-D cases using the models introduced by Roesser (1975) and by 
Fornasini and Marchesini (1976-1978). Recently a dynamical development has been 
observed for the repetitive systems theory that found wide acceptance for a variety of 
applications.  
 
The behavioral approach to theoretical questions for 2-D and n-D basic systems has 
already been proven to be a very powerful tool for solving long standing open problems. 
 
2. Standard Models of 2-D Linear Systems 

 
Roughly speaking, two-dimensional (2-D) discrete systems are dynamic systems 
described by difference equations in two independent variables. The most popular 
standard 2-D model, introduced by Roesser (1975), has the form 
 

jiv
ji

h
ji

v
ji

h
ji u

B

B

x

x
AA
AA

x

x
,

2

1

,

,

2221

1211

1,

,1

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+

+  (1a) 

 

[ ] jiv
ij

h
ij

ji Du
x

x
CCy ,21, +

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=  , +∈Zji,  (1b) 

 
where  1nh

ij Rx ∈  is the horizontal state vector at the point ++ ×∈ ZZji ),( , 
 

2nv
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mnR ×  is the set of mn×  real matrices and +Z  is the set of nonnegative integers. 

 
Boundary conditions for (1a)  are given by 
 

++ ∈∈ ZixZjx v
i

h
j ,,, 00           (2) 

 
The model (1) is called the standard 2-D Roesser model (RM). The standard first 2-D 
Fornasini-Marchesini model (FF-MM) is defined by the equations (1976). 
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ijjijiijji BuxAxAxAx +++= ++++ 1,2,1101,1                  (3a) 

+∈Zji,  
 

ijijij DuxCy +=         (3b) 
 

where  
n

ij Rx ∈  is the local state vector at the point ++ ×∈ ZZji ),( , 
 

m
ij Ru ∈   is the input vector, 

 
p

ij Ry ∈  is the output vector, 
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Boundary conditions for (3a)  are given by 
 

++ ∈∈ ZjxZix ji ,,, 00         (4) 

 
The standard second 2-D Fornasini-Marchesini model (SF-MM) is defined by the 
equations (1978). 
 

1,2,111,2,111,1 ++++++ +++= jijijijiji uBuBxAxAx  (5a) 
 

ijijij DuCxy +=  ,  +∈Zji,       (5b) 
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n
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Boundary conditions for (5a) are given by 
 

,...2,1,,,...2,1, 00 == jxix ji  (6) 

 
For 12210 AAAAA −==  from (3) we obtain the standard 2-D Attasi model (AM) of the  
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form 
 

ijijjijiji BuxAAxAxAx +−+= ++++ 211,2,111,1  (7a) 
 

ijijij DuCxy +=    +∈Zji,                (7b) 
 
Boundary conditions for (7a) are given by (4).  
 
3. Relationship between Models.  
 
Defining 
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and using (3a) we may write 
 

( ) ( ) ij
v
ij

h
ijij

v
ij

h
ij

v
ij

h
ji BuxAAAxABuxAxAxAx +++=+++=+ 1202120,1   (8a) 

 
and 
 

v
ij

h
ij

v
ji xAxx 11, +=+         (8b) 

 

From (8) we have 
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Thus, FF-MM can be recast in RM with 
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[ ] 0],0[21 == DCCC  
 

If 0, 221 == BIA n  and 01 =C  then RM can also be recast in FF-MM with 
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211122212211120 ,,,, CCBBAAAAAAAA ====−=     (10) 

 

In particular case AM can be recast in RM with 
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and if 0,,,0 2112222112112 ==== BAAAAIAA n  and 01 =C  then RM can also be 
reformulated in AM with 
 

21112221 ,,, CCBBAAAA ====       (12) 
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we can write (1) in the form 
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Thus, RM is a particular case of SF-MM with 
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FF-MM can be embedded in SF-MM. 
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