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Summary

In the 1990’s adaptive nonlinear control was one of the most active areas of control
research. Using the approach called “backstepping,” it is now possible to design
adaptive controllers for systems with significant nonlinearities and large modeling
uncertainties arising in several areas of mechanical, aerospace, electrical, and chemical
engineering. This tutorial presents the most practical among the results of adaptive
nonlinear control in a fashion that emphasizes the basic design steps and highlights
fundamental nonlinear features.
1. Introduction

The term ‘adaptive control’ encompasses a family of algorithms developed for plants
whose models contain unknown constant parameters. While ‘adaptive linear control’ is
applicable to most time-invariant linear models, ‘adaptive nonlinear control’ is more
recent and is restricted to special classes of nonlinear models. In both linear and
nonlinear models the unknown parameters are assumed to appear linearly.
The adaptive control problem for nonlinear models is much more difficult than for
linear models. In nonlinear models the state may escape to infinity in finite time, so that
exponentially fast parameter estimation may not be fast enough for stabilization. Either
the parameter update law is to be faster, or the non-adaptive version of the controller is

©Encyclopedia of Life Support Systems (EOLSS)

CONTROL SYSTEMS, ROBOTICS, AND AUTOMATION – Vol. X – Adaptive Nonlinear Control - Petar Kokotovic and
Miroslav Krstic

to guarantee boundedness in the presence of unknown parameters and parameter
estimation transients. The first possibility is addressed in the sections describing the
‘tuning function design’, while the ‘modular design’ section briefly describes the second
possibility. Both designs are recursive and expand the idea of ‘backstepping’ which is
explained on a non-adaptive example in the next section.
2. Backstepping
Backstepping is a design procedure applicable to nonlinear models in a ‘triangular’
form. It will now be illustrated using the system
(1)

x2 = u,

(2)
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x1 = x2 + ϕ ( x1 )T θ , ϕ (0) = 0

where θ is a known parameter vector and ϕ ( x1 ) is a smooth nonlinear function. Our
goal is to stabilize the equilibrium x1 = x2 = 0. First, the state x2 is treated as a virtual
control for the x1 -equation (1), and a stabilizing function

α1 ( x1 ) = −c1x1 − ϕ ( x1 )Tθ , c1 > 0

(3)

is designed assuming that x2 = α1 ( x1 ) can be implemented. Since this is not the case, we
define
z1 = x1

(4)

z2 = x2 − α1 ( x1 ).

(5)

The complete system (1), (2) is expressed in the z -coordinates as

z1 = x1 = x2 + ϕ Tθ = z2 + α1 + ϕ Tθ = −c1 z1 + z2
z2 = x2 − α1 = u −

∂α1
( x + ϕ Tθ ),
∂x1 2

(6)

(7)

where α1 is implemented analytically, without a differentiator. For the system (6)-(7)
we now design a control law u = α 2 ( x1, x2 ) to render the time derivative of a Lyapunov
function

V ( x1, x2 ) =

1 2 1 2
z + z
2 1 2 2

negative definite:
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⎡ ∂α
⎤
V = z1 ( −c1 z1 + z2 ) + z2 ⎢u − 1 ( x2 + ϕ Tθ ) ⎥ .
∂x1
⎣
⎦
⎡
⎤
∂α
= −c1z 12 + z2 ⎢u + z1 − 1 ( x2 + ϕ Tθ ) ⎥ .
∂x1
⎣
⎦

(9)

A simple way to achieve negativity of V is to employ u to make the bracketed
expression equal to −c2 z2 with c2 > 0, namely,

u = α 2 ( x1, x2 ) = −c2 z2 − z1 +

∂α1
( x + ϕ Tθ ).
∂x1 2

(10)
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This simple choice may not be the best choice because it cancels some terms which may
contribute to the negativity of V . Backstepping design offers enough flexibility to avoid
cancellation. However, for the sake of clarity, we continue with this control law, which
yields
V = −c1 z 12 − c2 z 22 .

(11)

This means that the equilibrium z = 0 is globally asymptotically stable and the same is
true about x = 0 . The resulting closed-loop system in the z -coordinates is
⎡ z1 ⎤ ⎡ −c1 1 ⎤
⎢ ⎥=⎢ 1
−c2 ⎥⎦
⎣ z2 ⎦ ⎣

⎡ z1 ⎤
⎢ ⎥ .
⎣ z2 ⎦

(12)

This completes a non-adaptive backstepping design. An adaptive version of
backstepping, called ‘tuning function design’, which intertwines parameter update
design steps with those of control law design, is presented in the next section.
-
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