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Summary

Notions of controllability and observability are of great importance in modern
mathematical control theory. It should be stressed that the theory of controllability and
observability of linear control systems is relatively well developed. In this article
various concepts of controllability and observability of linear, infinite-dimensional,
continuous-time control systems with constant coefficients are studied. The article
contains various fundamental definitions, theorems, and corollaries concerning
approximate controllability, approximate boundary controllability, and observability.
Moreover, the different relations among them are also listed. As illustrations of the
general theory, constrained approximate controllability, constrained approximate
boundary controllability, and observability of linear distributed parameter dynamic
systems described by partial differential state equations and linear output equation are
considered.
1. Introduction
In recent decades modern control theory of linear dynamic systems has been the subject
of considerable interest by many research scientists. It has been motivated, on the one
hand, by the wide range of applications of linear models in various areas of science and
engineering, and on the other hand, by the difficult and stimulating theoretical problems
posed by such systems. The article is intended to provide information about various
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fundamental research results obtained in the fields of controllability and observability of
linear distributed parameter systems, and discusses their significance and consequences.
At the end of the 1960s, the state space theory of linear control systems for both timeinvariant and time-varying dynamic systems had essentially been worked out. The basic
concepts of controllability and observability, and the weaker notions of stabilizability
and detectability, play an essential, fundamental role in the solutions of many important
different optimal control problems. Controllability and observability are two of the
fundamental concepts in modern mathematical control theory. Many dynamic systems
are such that the control does not affect the complete state of the dynamic system but
only a part of it. On the other hand, very often in real industrial processes it is possible
to observe only a certain part of the complete state of the dynamic system. Therefore, it
is very important to determine whether or not control and observation of the complete
state of the dynamic system are possible. Roughly speaking, controllability generally
means that it is possible to steer a dynamic system from an arbitrary initial state to an
arbitrary final state using the set of admissible controls. On the other hand, observability
means that it is possible to recover uniquely the initial state of the dynamic system from
a knowledge of the input and output. Controllability and observability play an essential
role in the development of modern mathematical control theory. Moreover, it should be
pointed out that there exists a formal duality between the concepts of controllability and
observability.
In the literature there are many different definitions of controllability and observability
that depend on the type of dynamic system. A growing interest has been developed over
the past few years in problems involving signals and systems that are defined in infinitedimensional linear spaces. The most popular examples of infinite-dimensional dynamic
systems are distributed parameter systems and dynamic systems with delays. The
motivations for studying distributed parameter systems have been well justified in
several papers and monographs. Most of the major results concerning infinite
dimensional dynamic systems are developed for the linear case. During the last two
decades controllability and observability of distributed parameter systems have been
considered in many papers and books. The main purpose of this article is to present a
compact review of the existing controllability and observability results, mainly for
linear distributed parameter dynamic systems. The majority of the results in this area
concerns linear systems with constant coefficients. It should be pointed out that for
linear systems, controllability and observability conditions sometimes have pure
algebraic forms and are rather easily computable. These conditions require verification
of the rank conditions for suitable defined constant controllability and observability
matrices.
2. Controllability of Infinite-Dimensional Systems
2.1. Mathematical Model
In this section we study the linear abstract control system:
x'(t) = Ax(t) + Bu(t) for t∈[0,T]

(1)

with initial condition x(0)∈X

(2)
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where the state x(t) takes values in a real infinite-dimensional separable Hilbert space X
and the values of the control u(t) are in the space U = Rm.
Let us assume that the linear, generally unbounded, operator A generates a strongly
differentiable semigroup S(t) on X for t ≥ 0, and B is a linear bounded operator from the
space Rm into X. Therefore, operator B = [b1,b2, …,bj, …,bm] and:

Bu (t ) =

j =m

∑ b ju j (t )
j =1

where bj ∈ X for j = 1,2, …,m, and u(t) = [u1(t),u2(t), …,uj(t), …,um(t)]tr
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We would like to emphasize that the assumption that linear operator B is bounded rules
out the application of our theory to boundary control problems, because in this situation
B is typically an unbounded operator.
Let Uc ⊂ U be a closed convex cone with a nonempty interior and vertex at zero. The
set of admissible controls for the dynamic system (1) is Uad = L∞([0,T],Uc).

Then for a given admissible control u(t) there exists a unique so-called mild solution
x(t;x(0),u) of the equation (1) with initial condition (2) described by the integral formula:
t

x(t ; u ) = ∫ S (t − s )( F ( x( s; u )) + Bu ( s ))ds
0

2.2. Controllability Conditions

For the linear abstract dynamic system (1), it is possible to define many different
concepts of controllability. In the sequel we shall focus our attention on the so-called
constrained exact controllability in the time interval [0,T]. In order to do that, first of all
let us introduce the notion of the attainable set at time T > 0 from the zero initial state
x(0) = 0, denoted by KT(Uc) and defined as follows:
KT(Uc) = {x∈X : x = x(T,0,u) , u(t)∈Uc for a.e. t∈[0,T]}

where x(t,0,u), t > 0 is the unique solution of Eq. (1) with zero initial condition and
control u. Moreover, let us denote:

K ∞ (U c ) =

∪ Kt (U c )

t >0

Now, using the above concepts of the attainable sets, let us recall the familiar definitions
of constrained exact controllability for dynamic system (1).
Definition 1: The dynamic system (1) is said to be Uc-approximately controllable in
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[0,T] if the attainable set KT(Uc) is dense in the space X.
Definition 2: The dynamic system (1) is said to be Uc-approximately controllable if the
attainable set K∞(Uc) is dense in the space X.
Definition 3: The dynamic system (1) is said to be Uc-exactly controllable in [0,T] if
KT(Uc) = X.
Definition 4: The dynamic system (1) is said to be Uc-exactly controllable if K∞(Uc) =
X.
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Approximate controllability in [0,T] implies approximate controllability, and similarly,
exact controllability in [0,T] implies exact controllability. Moreover, exact
controllability always implies approximate controllability. However, conditions for
exact controllability are rather restrictive, therefore, in the sequel only approximate
controllability will be considered. Let us observe, that for the finite-dimensional case
(i.e., when the state space X = Rn), we may omit the words “approximate” and “exact”
in the above definitions, since in this case exact controllability is equivalent to
approximate controllability.In order to obtain computable criteria for approximate
controllability we shall concentrate on dynamic systems defined in a separable infinitedimensional Hilbert space X with a normal, generally unbounded, operator A with a
compact resolvent. Hence, the operator A has only a pure discrete-point spectrum
consisting of an infinite sequence {si}, i = 1,2,3, … of distinct isolated eigenvalues of A,
each with finite multiplicity ri. Moreover, in the space X there is a corresponding
complete orthonormal set {xij} i = 1,2,3, …, j = 1,2,3, …ri of eigenvectors of the
operator A. Therefore, the semigroup S(t) is given by:

S (t ) x =

i =∞

j = ri

i =1

j =1

∑ exp( sit ) ∑

x, xij

X

xij , for t ≥ 0 and x ∈ X

The class of operators satisfying the above assumptions arises in classical control
problems for linear distributed parameter systems. In order to formulate computable,
constrained, approximate controllability conditions let us denote Bi, i = 1,2,3, … (ri ×
m)-dimensional constant matrices:

⎡
⎢
⎢
⎢
⎢
Bqi = ⎢
⎢
⎢
⎢
⎢
⎢⎣

bq1, xi1

X

bq2 , xi1

X

bq1, xi 2

X

bq2 , xi 2

X

...
bq1, xij

...
X

...
bq1, xiri

bq2 , xij

bq2 , xiri

bqp , xi1

X

...

bqp , xi2

X

...
X

...
X

...

...
...

X
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...

...
bqp , xij

bqm, xi1

...

bqm, xi2

...
X

...
bqp , xiri

...

...
...

X

...

...
bqm, xij
...
bqm, xiri

⎤
⎥
⎥
X⎥
⎥
⎥
⎥
X
⎥
⎥
⎥
⎥
X⎦
X

(3)
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For the case when all the eigenvalues si are simple (i.e., ri = 1), for i = 1,2,3, …, Bi are
m-dimensional row vectors of the following form:

Bi = ⎡ b1, xi
⎣

X

, b2 , xi

X

,..., b j , xi

X

⎤
⎦
for i = 1,2,3,...

,..., bm , xi

X

(4)

Theorem 1: Let X be a separable Hilbert space and assume that the operator A is
normal with compact resolvent. Let U = Rm and Uc be a cone in Rm with vertex at the
origin such that int(coUc) ≠ ∅. Then the linear dynamic system (1) and (2) is
approximately Uc-controllable in finite time if and only if the following conditions hold:
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BTi coU c = R ri , for all i = 1,2,3,...
whenever si is a real eigenvalue,
rankBi = ri, for i = 1,2,3, …

whenever si is a complex eigenvalue.

Corollary 1: Let U = Uc = Rm. Then the linear dynamic system (1) is approximately
Rm-controllable in finite time if and only if the following conditions hold:
rankBi = ri, for i = 1,2,3, …
Corollary 2: Let U = Uc = Rm and ri = 1 for i = 1,2,3, … . Then the linear dynamic
system (in Section 2.1) is approximately Rm-controllable in finite time if and only if the
following conditions hold:
j =m

∑

j =1

b j , xi

2

L2 ( D )

≠ 0 for i = 1,2,3, …

or equivalently bi ≠ 0, for i = 1,2,3, …

It should be pointed out that the multiplicities ri, i = 1,2,3, … of the eigenvalues si , i =
1,2,3, … are finite for every i; however, we do not always have sup ri < ∞. The number
r = sup ri < ∞ has an important meaning in the investigation of approximate
controllability.
Corollary 3: If r = sup ri = ∞, then the dynamic system (1) is not Rm-approximately
controllable.
The quite general controllability conditions given in Theorem 1 and Corollaries 1 and 2,
can be used to formulate controllability criteria for distributed parameter dynamic
systems described by the linear partial differential state equations.
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